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Abstract. We classify all pairs (G, V) with G a closed subgroup in a classical 
group Q with natural module V over C, such that Q and G have the same com- 
position factors on V® k for a fixed k S {2,3,4}. In particular, we prove Larsen's 
conjecture stating that for dim(V) > 6 and k — 4 there are no such G aside from 
those containing the derived subgroup of Q . We also find all the examples where 
this fails for dim(^) < 6. As a consequence of our results, we obtain a short proof 
of a related conjecture of Katz. These conjectures are used in Katz's recent works 
on monodromy groups attached to Lefschetz pencils and to character sums over fi- 
nite fields. Modular versions of these conjectures are also studied, with a particular 
application to random generation in finite groups of Lie type. 



1. Introduction: Larsen's Conjecture 

Let V = C d with d > 4. Fix a nondegenerate quadratic form and if d is even fix 
a nondegenerate symplectic form on V, and let Q be one of GL(V), 0(V) or Sp(V) 
(the latter only when n is even). If G is any subgroup of GL(V), define M 2 k(G, V) 
to be the dimension of End(j(V® ), and let G° denote the connected component of 
G. Abusing the language we will also say that the trivial group is reductive. 

M. Larsen |Larsj proved the following alternative: 

Theorem 1.1. Let G be a Zariski closed subgroup of Q. Assume that G° is a 
reductive subgroup of positive dimension. Then M 4 (G, V) > M 4 (Q,V) unless G 
contains [G,G]- 1=1 

An easy proof of Theorem 11.11 can be obtained as follows (see |Kalj ). Let G be as 
in the theorem and M±(G,V) = M±(G,V). By Weyl's theorem, every finite dimen- 
sional complex representation W of G is completely reducible. Hence the equality 
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Mi{G, V) = M 4 (G, V) implies that the adjoint module of Q must be irreducible over 
G. However the Lie algebra L(G°) is a nonzero invariant submodule of L{Q°). Thus, 
L{G°)=L{G°) and so G > [G,G]- 

Proposition 1.2. Suppose that G is a finite subgroup of Q such that M 4 (G, V) = 
M±(Q,V). Then G preserves no tensor structure and acts primitively on V. In 
particular, either G/Z(G) is almost simple or G is contained in the normalizer of 
an irreducible subgroup of symplectic type of Q (in the latter case, dim(V) = p a for 
some prime p). □ 

Indeed, using Aschbacher's theorem jX], it is quite easy to see that any finite 
subgroup not of the form described either preserves a tensor structure or is imprim- 
itive. But any imprimitive non-monomial subgroup or any subgroup preserving a 
tensor structure is contained in a nontrivial positive dimensional subgroup. Further- 
more, any monomial subgroup in SL(V) normalizes a (d — l)-dimensional torus of 
SL(V) and so has an invariant (d — l)-dimensional subspace in the adjoint module 
(if d := dim(y)). Also see §4 for more refined reductions. 

We are interested in Larsen's conjecture: 

Conjecture 1.3. If G is a finite subgroup of Q, then M 2 k(G,V) > M 2 k(G,V) for 
some k < 4. 

An interesting application of this conjecture comes from algebraic geometry [KalJ. 
Given a projective smooth variety X of dimension n + 1 > 1 over a finite field k, 
and consider a Lefschetz pencil of smooth hypersurface sections of a given degree d. 
Then the monodromy group Gd is defined to be the Zariski closure of the monodromy 
group of the local system on the space of all smooth degree d hypersurface sections 
(see |Kalj ). Fix a degree d hypersurface H which is tranverse to X, and let V be the 
subspace spanned by the vanishing cycles in H n ((X ®fc k) D H, Q e ) jDJ (4.2.4)]. Then 
the cup product induces a (G<r invariant) nondegenerate bilinear form on V. Deligne 
jDj 4.4] showed that Gd = Sp(V) if n is odd; if n > 2 is even then Gd = 0(V) or 
Gd is finite. One would like to be able to rule out the finite group possibility (under 
additional hypotheses). Katz has shown in |Kalj that Gd is a subgroup of Q := Sp(V) 
or 0(V) with the same fourth moment as of Q, that is, M 4 (G d , V) = M 4 (^,V r ). 
Larsen's alternative 11.11 savs that in this case either Gd > [G,G] (if Gd is reductive) 
or Gd is finite. Furthermore, Larsen's conjecture 11.31 states that if G is a classical Lie 
group on V and G < G is a closed reductive subgroup with the same eighth moment 
as of G, i.e. M 8 (G, V) = M 8 {G, V), then G > [G, G\ 

A more recent application is described in |Ka2j . where Larsen's alternative and 
Larsen's conjecture, as well as drop ratio conjectures (cf. |Ka2t Chapter 2] and 
Theorem 11.71 below) play an important role in the determination of the geometric 
monodromy group attached to a family of character sums over finite fiels. 

In fact, we will prove: 
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Theorem 1.4. Let V = C d with d > 5 and Q be GL(V), Sp{V), or 0(V). Assume 
that G is a closed subgroup of Q such that G° is reductive. Then one of the following 
holds: 

(i) M s (G,V)>M 8 (g,V); 

(ii) G >[£,£]; 

(iii) d = 6, Q = Sp(V), and G = 2J 2 . 

Notice that Theorem II .41 fails if G is not reductive: if G contains a Borel subgroup 
B of Q then M 2 k(G, V) = M 2 k(Q, V) for any k. (Since Q is completely reducible on 
its finite dimensional representations, it suffices to show that B has no fixed points on 
any nontrivial finite dimensional ^-irreducible complex module. Now if ^ v £ W 
is fixed by B then v is a maximal vector, W = CQv, and the highest weight of W is 
0, cf. jHul p. 189, 190]. It follows that the module W is trivial.) 

In the case (iii) of Theorem M 2k (G, V) = M 2k (Q, V) for k < 5 but M 12 {G, V) > 
Mi 2 (Q,V) (the values for M 2 k(G,V) are given in Lemma l3.2j) . On the other hand, 
if d > 6 then the condition M 8 (G, V) = M 8 (Q, V) for (reductive) subgroups G < Q 
implies that G > \G,G}- Moreover, Theorem 12.91 fbelow) states that the only closed 
subgroups of Q with d > 6 that can be irreducible on every ^-composition factor of 
V m are the ones containing [Q, Q\. A related question is asked by B. H. Gross: which 
finite subgroups of a simple complex Lie group Q is irreducible on every fundamental 
representation of Q; this question has been answered in |MMT| . 

Our next Theorem 11.51 resp. Theorem 11.61 classifies all (reductive) closed sub- 
groups G of Q such that G has the same fourth, resp, sixth, moment as of Q. 

Theorem 1.5. Let V = C d with d > 5, Q = GL(V), Sp(V), or 0(V). Assume G 
is a closed subgroup of Q. Set S = S/Z(S) for S := F*(G) if G is finite. Then G is 
irreducible on every Q-composition factor ofV®V* (this condition is equivalent to 
Mi(G, V) = Mi(Q, V) if G° is reductive) if and only if one of the following holds. 

(A) G >[£,£]. 

(B) (Lie-type case) One of the following holds. 

(i) S = PSp 2n {q), n > 2, q = 3, 5, G = Z(G)S, and V | 5 is a Weil module of 
dimension (q n ± l)/2. 

(ii) S = U n (2), n>4, and V | 5 is a Weil module of dimension (2 n + 2(-l) n )/3 
or (2 n - (-l) n )/3. 

(C) (Extraspecial case) d = p a for some prime p, p > 2 if Q = GL(V) and p = 2 
otherwise, F*(G) = Z(G)E for some extraspecial subgroup E of order p l+2a of Q, 
and one of the conclusions (i) - (iii) of Lemma 15.11 holds. 

(D) (Exceptional cases) (dim(^), S, G, Q) is as listed in Table I. 

Theorem 1.6. Let V = C d with d>5,Q = GL{V), Sp(V), or 0(V). Assume G is 
a closed subgroup of Q. Then G is irreducible on every Q-composition factor ofV® 3 
(this condition is equivalent to M 6 (G, V) = M 6 (Q, V) if G° is reductive) if and only 
if one of the following holds. 
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(A) G > [Q, G\; moreover, G + SO{V) if d = 6. 

(B) (Extraspecial case) d = T for some a > 2. If Q = GL(V) then G = Z(G)E ■ 
Sp 2a {2) with E = 2 1 + 2a . JfQ = Sp(V), resp. 0(V), then E ■ Q e 2a (2) <G < E-0\ a (2), 
with E = 2\ +2a and e = — , resp. e = +. 

(C) (Exceptional cases) G is finite, with the unique nonabelian composition factor 

S G {L 3 (4), U 3 (3), C/ 4 (3), J 2 , A 9 , n+(2), U 5 (2), G 2 (4), Suz, J 3 , Co 2 , Co u F 4 (2)}, 
and (dim(V), S, G, Q) is as listed in the lines marked by W i n Table I. 
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Table I. Exceptional examples in the complex case in dimension d > 5 



d 


S 


G 


Q 


The largest 2/c with 

M 2fc (G,y) = M 2k (g,v) 
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fi 
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c;fi lto oa 

00 VS. Z4 


fi 




(2 x U 3 (3)) ■ 


2 




fi 




fi 




61 ■ £/ 4 (3) 




HT r- 


fi 


9^ -sre 94 

ZjO Vo. 
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Q 
O 
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2Q+(2) 






fi 
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i n 
1U 
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^5(2) 1 ; 
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2 


>Spio 


d 



1 on inc 
1ZU VS. 105 


10 




2M 12 




Lri^io 


4 


15 vs. 


i n 

1U 




2M 22 




^ 7 


A 
4 


7 vs. 6 


1Z 


f/H (*) 


2G 2 (4) • 2 




C» 
>j£>12 


fi 



iiy vs. lUo 


1 

iz 


C„, (*) 


6Su;z 




Cr^i2 


fi 



ZO VS. Z4 


1 A 
14 




2 5 2 (8) • 3 




n t 


A 

4 


on ,ro fi 
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1 /I 

14 
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C 2 (3) 




r\ 

Uu 


/I 
4 


ZT vs. lo 


1 fi 
lo 


Dp 4 (4J 


(2 x 5p 4 (4)) 


■4 




A 
4 
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1 fi 
lo 


7 (*) 


3J 3 






fi 
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ZOO Vo. Z4 
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ZZ 
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C22 


4 
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Zo 


L/O3 
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C^23 


4 
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Zo 


(*) 
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C^23 


fi 



1 n7 ,tc 1 n^ 
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Z4 
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^24 


fi 
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9fi 
ZD 
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2 F,(2)' 


^ 7 


/I 
4 


26 vs. 6 


28 


Ru 


2Ru 


GL28 


4 


7 vs. 6 


45 


M 23 


M 23 






4 


817 vs. 6 


45 


M 24 


M 24 




GL45 


4 


42 vs. 6 


52 


F 4 (2) W 


2F 4 (2) • 2 




6 


120 vs. 105 


78 


Fi 2 2 


Fi 22 




4 


21 vs. 15 


133 


HN 


HN 


o 133 


4 


21 vs. 15 


248 


Th 


Th 


C*248 


4 


20 vs. 15 


342 


O'N 


30'N 


GL342 


4 


3480 vs. 6 


1333 


J, 


Ja 


CL1333 


4 


8 vs. 6 



Notice that in the cases (B) and (C) of Theorem IT~5l M S (G,V) > M 8 (G,V); see 
Propositions 00O ITTTTT! I7TT1 and Lemma [73] for estimates of M 2k (G, V) 
with 2 < k < 4 for various groups occuring in these cases. In the case (D), Table I 
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lists the largest 2k for which M 2 k{G, V) = M 2 k{Q,V) as well as the exact value of 



Our strategy can be outlined as follows. Suppose G is a closed subgroup of Q 
such that G is irreducible on every ^-composition factor of V <S> V*, where Q G 
{GL(V), Sp(V),0(y)}. Then §4 yields basic reductions to the case where G is a 
finite group. In fact either G is contained in the normalizer of certain subgroups of 
symplectic type of Q, or S < G/Z{G) < Aut(S') for some finite simple group S. The 
former case is handled in §5. In the treatment of the latter case, Proposition ^ . 1 ll plavs 
a crucial role; in particular, it shows that dim(V) is bounded as in the key inequality 
Thus V is a representation of small degree of G. Classification results on 
low-dimensional representations of finite quasi-simple groups [GMSTj . |GTlj . |HMj . 
|Lulj . |Lu2j . then allow us to identify V. 



Katz [Ka2 defines the projective drop dy{g) of any element g G GL(V) to be the 

smallest codimension (in V) of g-eigenspaces on V. In |Ka2j . Katz has formulated 
three conjectures on the projective drop, Conjectures (2.7.1), (2.7.4), and (2.7.7), in 
increasing order of strength. We will show that the second strongest, Conjecture 
(2.7.4) of |Ka2j . holds true. 



Theorem 1.7. Let V = C d with d>2,Q = GL{V), Sp{V), or 0(V). Assume G is 
a finite subgroup of Q such that M 4 (G, V) = M^(Q, V). Then 



Moreover, the equality occurs precisely when G is the Weyl group W(E 8 ) of type E 8 
on its (8-dimensional) reflection representation. 

Observe that, without the condition M^(Q), the drop ratio d v (g)/ dim(G) can get 
as close to as one wishes (just look at the irreducible complex representations of 
degree n— 1 of § n ). A slightly different version of Theorem 1 1 . 71 has also been proved 
by Gluck and Magaard (private communication). 

The Weil representations of finite symplectic and unitary groups provide the source 
for many of the examples listed in Theorem 11.51 The complex Weil modules for the 
symplectic groups S = Sp 2n (q) with q — pf and p an odd prime are constructed as 
follows. Let E be an extraspecial group of order pq 2n of exponent p (i.e. [E, E] = 
$(£') = Z(E) has order p). For each nontrivial linear character \ of Z(E), the 
group E has a unique irreducible module M of dimension q n over C that affords the 
Z(i?)-character q n x- Now S acts faithfully on E and trivially on Z(E), and one can 
extend M to the semidirect product ES. If we restrict M to S, then M = [t, M] © 
Cm(^) where t is the central involution in S, and these two summands are irreducible 
modules. This construction gives two irreducible modules of each dimension (p n ± 
l)/2. A similar but slightly more complicated construction [Si] leads to the complex 
Weil modules of the special unitary groups U := SU n (q) (here q may be even as 



M 2k+2 (G, V). 
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well); there is one such a module of dimension (g n + q(— l) n )/(q + 1) and q such of 
dimension (q n — (— l) n )/(g + 1). When q is odd, among the latter modules there is 
exactly one self-dual module which we denote by Vo- The Weil modules over fields 
of positive characteristic £ are defined to be nontrivial irreducible constituents of 
reduction modulo £ of complex Weil modules. To determine the type of the classical 
group Q on the Weil module V that contains S or U acting on V, one needs to know 
the Frobenius-Schur indicator of the Weil module. We summarize this information 
in Table II. Weil modules are studied in detail in ^7.3.11 17.3.21 

Table II. Types of complex Weil modules for finite symplectic and unitary groups 



Group 


dim(V) 


g 


Sp2n(q), q = 3 (mod 4) 


(q n ± l)/2 


GL(V) 


Sp2n(q), q = l(mod4) 


(q n ± l)/2 


f Sp(V) if 2|dim(V) 
\ 0(V) if 2 /dim(V) 


sum 


(q n + q(-l) n )/(q + l) 


j Sp(V) if 2 )(n 
\ 0(V)\i2\n 


SU n (q), q even 


(q n -(-l) n )/(q + l) 


GL{V) 


SUM, Q odd, v = v 

sum, q odd, v^v 


(q n -(-l) n )/(q + l) 
(q n -(-l) n )/(g + 1) 


j Sp(V) if 2\n 
\ 0(V) if 2 Xn 
GL(V) 



Notice that Larsen's conjecture for small rank < 3 groups is handled in Theorem 
12.121 In fact we will study Conjecture 11.31 and prove Theorems 11.41 11.51 in the more 
general context of algebraic groups in any characteristic. This modular context, as 
well as basic notation used in the paper, is described in §2 below. 

2. Modular Analogue of Larsen's Conjecture 

Motivated by some other applications, we will consider a modular analogue of 
Larsen's conjecture. Let us fix some notation first. Throughout the paper, F is an 
algebraically closed field of characteristic t. The condition i > b will mean that I = 
or £ > b. Let V = ¥ d be equipped with a nondegenerate bilinear symplectic, resp. 
orthogonal, form, and let Q be GL(V), or Sp(V), resp. 0(V). The irreducible Q- 
module with highest weight w will be denoted by L(w). We denote the fundamental 
weights of Q by w\, . . . ,zu n with L(zu 1 ) ~V. If £ > 0, then is the £ th Frobenius 
twist of V. If V is a composition factor of an FG-module U, we will write V U and 
say by abusing language that V enters U. "Irreducible" always means "absolutely 
irreducible" . A finite group G is quasi-simple if G = [G, G] and G/Z(G) is simple, and 
nearly simple if S < G/Z(G) < Aut(S) for some finite simple non-abelian group S. 
For a finite group G, F*(G) is the generalized Fitting subgroup of G. Furthermore, a 
component of G is a quasi-simple subnormal subgroup of G, and E(G) is the subgroup 
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generated by all components of G. For a prime £, O l {G) 1 resp. O 1 ' (G), is the smallest 
normal subgroup N of G such that G/N is an £- group, resp. an £'-group. We denote 
PSL n (q) by L n (q) and PSU n (q) by U n (q). In the paper, G is said to have symplectic 
type if G = Z{G)E for some extraspecial p-subgroup E. 

Definition 2.1. Let k > 1. We say that a subgroup G of Q satisfies the condition 
M 2 k{Q), if for any j with < j < k and for any two ^-composition factors Y, Y' of 
the module V^ k ~^ <g> (y*)®i the following holds: 

(i) G is irreducible on Y and Y'; and 

(ii) if the ^-modules Y and Y 7 are nonisomorphic, then so are the G-modules Y 
and Y'. 

The modular analogue of Larsen's conjecture we have in mind is that only very 
few specific subgroups of Q can satisfy all the conditions M 2 k{Q) for k < 4. 

Definition 2.2. We also introduce some more conditions for G < Q: 

M' 4 (Q): G is irreducible on any ^-composition factor of V <S> V*. 

Mq(Q): G is irreducible on the ^-composition factor L(3wi) of V® 3 . 

Mg(Q): for any two ^-composition factors Y, Y' of the module y® 4 , G is irreducible 
on Y and Y', and moreover, if the ^-modules Y and Y 7 are nonisomorphic then so 
are the G-modules Y and Y' . 

Mg(Q): G is irreducible on any ^-composition factor of y® 4 . 

Remark 2.3. (i) If F = C and G° is reductive, then the equality M 2k (G,V) = 
M 2 k(G, V) is equivalent to that G satisfy the condition M 2 k{Q). Indeed, for < j < k 
we have 

M 2k {G, V) = dimEnd G (y® fc ) = dimHom G (V^ fe ® (V*)® k , 1 G ) = 

= dimHom G (\/® (fc - j) ® (F*)®', y®M <g> (y*)®J) = dimEnd G (y® (fc - i) ® (y*) 0i )- 

Since any such a subgroup G is completely reducible on finite dimensional (/-modules, 
the condition M 2 k(G, V) = M 2 k(Q,V) now implies EPT i) and I2.1f ii) for any two Q- 
composition factors Y, Y' of V^ k ~^ <g> {V*)® j . 

(ii) Ifk>3 then M 2k {Q) implies M 2fc _ 4 (£). Indeed, for < j < jfe-2, y®( fc - 2 -i) <g> 
(y*)®J is a submodule of y®^- 1- -?) (g> (y*)®0'+i) ; since the trivial module is a sub- 
module of y ® y*. Compare with Lemma f3. 11 

(iii) If dim(y) > 8, then our results still hold true if we replace M$(G) by M$(Q). 
Indeed, if dim(y) > 8 and Q = GL(V), then all distinct ^-composition factors are 
of distinct degree, cf. Proposition 13.131 If Q = Sp(V) or 0(V), then in all our 
arguments, we make use only of M^(Q). 

Remark 2.4. In this paper, we aim to find all subgroups G of Q that satisfy the 
condition M 6 (Q) n M 8 (Q). Actually, our results (except for Theorem I2.12|) still hold 
true if we replace M 6 (G) n M 8 (G) by the weaker condition M' A {Q) H M' t {G) n M' & (Q). 
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Before stating our main results, we display some examples clarifying the connec- 
tions between various conditions we formulated above. 

Example 2.5. (i) For each £ e {3,5,11,23}, G = M 23 has an irreducible FG- 
module of dimension d = 45, where exactly one of A(V), S 2 (V), A 2 (V) (see §2.2 for 
definition of these modules) is reducible over G (and V lifts to characteristic 0.) This 
phenomenon also happens to Aut( 2 5 2 (8)) in dimension d — 14 and characteristic 
£ G {5, 7, 13}, and to M 22 in dimension 10 and characteristic 2. These examples show 
in particular that in the case Q = GL(V) and £ > 0, M&{Q) is strictly stronger than 
M' A {G). 

(ii) G = 2M 22 has a 10- dimensional irreducible module V in characteristic 3, where 
G is irreducible on all ^-composition factors of y® 3 , but not V® 2 ® V*. In particular, 
Mq(G) is strictly stronger than M' & {Q). 

(iii) G = 6i • {74(3) has an irreducible module V = C 6 , where G is irreducible on 
all but one ^-composition factors of V® 4 (so G almost satisfies M$(Q) !). 

Example 2.6. (i) S = Sp^A) has an irreducible 18-dimensional module in charac- 
teristic £ 7^ 2, 3, where M±(Q) holds for some group G = 2 • Aut(S') but not for any 
other subgroup between S and G, cf. Proposition 17.31 Thus M±(Q) may hold for 
G but fails for F*(G). This also happens to a 14-dimensional complex module of 
Aut( 2 5 2 (8)). 

(ii) 5 = 2- -^4(2) has an irreducible module V = C 52 , where Mq(Q) holds for 
an extension G = S ■ 2 (isoclinic to the one listed in [Atlasj ) but not for S. Thus 
Mq(Q) may hold for G but fails for F*(G). This also happens to an irreducible 
6-dimensional complex module of 6^3 (3) ■ 2, an irreducible 6-dimensional module of 
6 ■ £3(4) ■ 2 in characteristic or 3, an irreducible 12-dimensional module of 2 • G 2 (4) • 2 
in characteristic 7^ 2, 5, as well as to an irreducible ^-modular representation of degree 
10 of (2 x U s (2)) ■ 2 with i ^ 2, 3. 

Example 2.7. G = 11^(2) has an irreducible 5-dimensional module V in character- 
istic 3. This V lifts to a complex module Vc- However, M§(Q) holds for V but not 
for Vc- A similar phenomenon happens to an irreducible 10-dimensional 7-modular 
representation of 2M 2 2- 

Example 2.8. Let G = Sp±(2) ~ S> 6 and £ = 2. The natural representation of G 
on V = F 4 embeds G m Q = Sp(V). All the ^-composition factors on V® 2 are 
and A (V) = L(zu 2 ), which over G is conjugate to V via an outer automorphism of 
G. Hence M^(Q) holds for G. Furthermore, the ^-composition factors on V® A are 
L{Aw x ) = V^, L(2w 1 + w 2 ) = V® <g> L(n7 2 ), L(2ro 2 ) = L(zu 2 ) {2 \ L{2w x ) = V®, 
L(w 2 ), and L(0), and all of them are irreducible over G. Thus Mg(Q) holds for G. 
However, M' 6 (G) fails for G as L(3w 1 ) | G = (V <g> V^) [ G = {V <g> V*) } G is reducible. 
Consequently, M 8 (G) does not imply M'§{Q) nor M 6 ((/). But see Remark 13.151 
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Define 

£ x := { 2 £ 6 (2), Ly,Th, Fi 23 , C 0l , J 4 , Fi' 24 , BM, M}, E 2 : = {F 4 (2), Fi 22 , HN}, 
S 3 := {Mn, Mi 2 , Ji, M 22 , J 2 , M 22 , if 5", J 3 , M 24 , McL, Fe, Sim;, Co 3 , Co 2 , Ru, O'N, 
L 2 (7), L 2 (ll), L 2 (13), L 3 (4), C/ 3 (3), f/ 4 (2), C/ 4 (3), f/ 6 (2), Sp 4 (4), Sp 6 (2), 
fi+(2),n 7 (3), 2 L? 2 (8), 3 L> 4 (2),G 2 (3),G 2 (4), 2 F 4 (2)',A„ | 5 < n < 10}. 
One of our main results, which implies Theorem 11.41 is 

Theorem 2.9. Let F be an algebraically closed Geld of characteristic £, V = ¥ d with 
d > 5, Q = GL(V), Sp(V), or 0{V). Assume G is a closed subgroup of Q that is 
irreducible on every Q -composition factor of V ®V* and of V m , and on L(3zji). 
Then one of the following holds. 

(A) G is of positive dimension, and one of the following holds. 

(i) G > [G,G]; 

(ii) Q = Sp(V), £ = 2, and either 0(V) >G> Q(V) with d > 10 or G = 0(V) 
with d = 8. 

(B) q > 4 and one of the following holds. 

(i) G = GL(V), O e '(G) = SL d (q) or SU d (q), and i\q. 

(ii) G = Sp{V), O e '(G) = Sp d (q), and £\q. 
(hi) G = 0(V), O l \G) = Q±(q), and £\q. 

(iv) Q = Sp(V), £ = 2, O e (G) = tt±(q), and 2\q. Furthermore, either d > 10, 
ord = 8 andG > 0±(q). 

(v) Q = 0(V), d = 8, O e '(G) = 3 D 4 (q), £\q. 

(C) d = 6, £ ^ 2, 5, G = Sp(V), and G = 2J 2 . 

(D) For S = F*(G), S/Z(S) G E x . 

Conversely, all cases in (A), (B), (C) give rise to examples. 

Since none of the groups in Theorem 12. 9f D) can satisfy M 12 ((?) (see §H1), and since 
M S (G) implies M A {G) and M W (G) implies M 6 (£), Theorem 12.91 immediately yields 

Corollary 2.10. Let ¥ be an algebraically closed field of characteristic £, V = ¥ d 
with d > 5, G = GL(V), Sp(V), or 0(V). Assume G is a closed subgroup of G that 
satisfies both Miq(G) and M\ 2 (G). Then one of the following holds. 

(a) G is of positive dimension, and case (A) of Theorem 12.91 holds. 

(b) G is hnite, nearly simple, E{G) G Lie(£), and one of the conclusions (i) - (v) 
of TheoremHlflB) holds. □ 

It is worthwhile to notice that, in the modular case, no condition of type ^=i^k(G) 
would be strong enough to distinguish the algebraic group G from its proper closed 
(or even finite) subgroups, cf. Lemma f9. II for a glaring example. Furthermore, even 
in the complex case and in big enough dimensions, the condition M 4 ((?) fl M Q (G) is 
still not enough to tell apart G = GL(V), Sp(V), or 0(V) from its finite subgroups, 
cf. Proposition 15.81 
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Another main result is 

Theorem 2.11. Let F be an algebraically closed Geld of characteristic £, V = ¥ d 
with d > 5, Q = GL(V), Sp(V), or 0(V). Assume G is a closed subgroup of Q 
that is irreducible on every Q -composition factor of V <8> V* . Set S = S/Z(S) for 
S := F*(G). Then one of the following holds. 

(A) (Positive dimensional case) G is of positive dimension, and one of the following 
holds. 

(i) G >[£,£]. 

(ii) Q = Sp{V), 1 = 2, and 0(V) >G> Q(V). 
(hi) Q = Sp{V), £ = 2, d = 6, and G = G 2 (F). 

(B) (Defining characteristic case) £\q and one of the following holds. 

(i) G = GL(V), and O e ' '(G) = SL d (q) or SU d (q). 

(ii) G = Sp(V) and O e (G) = Sp d (q)'. 

(hi) G = Sp{V), £ = 2, and F*(G) = nf{q). 

(iv) G = 0(V) and F*(G) = fif(g). 

(v) G = 0{V), d = 8, and O e '(G) = *D A {q). 

(vi) G = Sp{V), £ = 2,d = Q, and F*{G) = G 2 (g)'. 

(vii) G = Sp{V), £ = 2,d = 8, and F*{G) = 3 D 4 {q). 

(C) (Alternating case) S = A n , and either £\n and d = n — 2, or £ = 2 and 
2\d = n- 1. Furthermore, Z(G) < Z 2 , S < G/Z(G) < kut(S), and V [ s is labelled 
by (n- 1,1). 

(D) (Cross characteristic case) One of the following holds. 

(i) S = PSp 2n (q), n > 2, £ ^ q = 3, 5, G = Z(G)S, and V [ s is a Weil module 
of dimension (q n ± l)/2. 

(ii) S = U n (2), n > 4, £ ^ 2, and V is is a Weil module of dimension (2" + 
2(-l) n )/3 or [2 n - (-l) n )/3. 

(E) (Extraspecial case) F*(G) is a group of symplectic type, and one of the con- 
clusions (i) - (iii) of Lemma 15. Jl holds. 

(F) (Small cases) If S 6 then V is as listed in Tables III - VI located in §8. 

(G) Se£ 1 u£ 2 . 

Conversely, all cases except possibly (G) give rise to examples. 

Notice that Theorems 11.11 and 12.111 immediately imply Theorem 11.51 
Larsen's conjecture (and its modular analogue) for groups of small rank (i.e. of 
types At, A 2 , B 2 ) is settled by the following theorem: 

Theorem 2.12. Let W be an algebraically closed field of characteristic £, V = ¥ d 
with d < 4, G € {SL(V), Sp(V)} a simple simply connected algebraic group. Let G 
be a proper closed subgroup of G- Then G satisfies the condition M 6 (G) H M%(G) if 
and only if one of the following holds. 

(i) There is a Frobenius map F onQ such that O e (G) = G F € {SL d (q), SU d (q), Sp 4 (g)} 
with £\q>A Furthermore, if O e '(G) = 5L 3 (4) then G = SL 3 (A) ■ 3. 
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(ii) g = 5p 4 (F), 1 — 2, and G = 2 B 2 (q) with q > 32. 

(iii) g = SL 2 {¥), £ ^ 2, 5, and G = SL 2 {5). 

Notice that, in the case (iii) of Theorem 12.121 G satisfies M 2 k{Q) for k < 5 (and 
also M 12 (G) if £ = 3), but fails M 12 (£) if £ ^ 3 and fails M 14 (£) if £ = 3. Thus 
the groups 2J 2 and SL 2 (5) are the only exceptions to Conjecture 11.31 in the case of 
complex semisimple groups Q . 

Theorem l2~TTl is related to the results proved in |EiBl ITSTl |Maj IMM1 IMMT1 IMalj . 

Closed subgroups of exceptional algebraic groups that are irreducible on a minimal or 
adjoint module have been classified by Liebeck and Seitz JLiS]. In the case £ = 0, the 
finite nearly simple subgroups of Q = GL(V) that are irreducible on the nontrivial 
(/-composition factor of V <S> V* have been classified in |Malj . Finite quasisimple 
subgroups of g that are irreducible on the nontrivial (/-composition factor of V <8> V* 
if V is not self-dual, resp. of S 2 (V) or A 2 (V) if V is self-dual, are considered in the 
other papers mentioned above. Our methods are different from that of |Malj and 
similar to the ones exploited in |MMT| . Our assumption (G is irreducible on every 
(/-composition factor of V ® V*) is stronger than the ones used in the aforementioned 
papers in the case V is self-dual. On the other hand, we handle all closed (in particular 
finite) subgroups of g. Observe that Example 12.61 shows that the nearly simple case 
cannot be reduced to the quasi-simple case: M±(Q) (or even M 6 ((/)) holds for some 
FG-module V but not for V as a module over F*(G). Moreover, the modular case 
cannot be reduced to the complex case even if the FG-module V lifts to a complex 
module Vc- there are examples where M^(g) holds for V but not for Vc even when 
£ = 7, cf. Example 12.71 (But notice that if the FG-module V lifts to a complex 
module Vc and if £ J(\G\ then M 2 k{G) holds for V if and only if it holds for Vc- Also 
see Remark 13. 181 for a partial reduction to the complex case.) 

We expect Theorems 12.91 and 12.111 to have various applications. Below we point 
out a particular consequence, in which (X) denotes the closure in g of the subgroup 
generated by a subset X of g. 

Corollary 2.13. Let Q = GL(V), Sp(V), or 0(V), where V = ¥ d and d > 5. There 
is a finite explicit list DJl of irreducible Wg-modules such that 

{(x, y) E Q x g | (x,y) contains a subfield subgroup} = 

= {(x, y) G g x g I (x, y) is irreducible on each M G 071} 
is a non-empty open (in particular dense) subvariety of g x g. □ 

See ^111 for more results in this direction. There is an analogous result for excep- 
tional groups. Also, Theorem II 1 . 51 classifies all closed subgroups of a simple algebraic 
group g that are irreducible on the adjoint module and the basic Steinberg module 

of g. 
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Corollary 12.131 is related to a conjecture of Dixon |Dij stating that two random 
elements of a finite simple group G generate G, with probability — ► 1 when \G\ — > oo. 
Dixon himself proved the conjecture for alternating groups; the Lie type groups have 
been handled by Kantor and Lubotzky jKaLl (classical groups), and Liebeck and 
Shalev |LShj ) (exceptional groups). Random generation for semisimple algebraic 
groups over local fields has recently been addressed in [BE] . Corollary 12.131 gives 
another proof of random generation by a pair of elements for finite groups of Lie 
type of fixed type over ¥ q when q — > oo. Roughly, the idea is as follows. Let Q 
be a simple algebraic group and consider G := Q F , the fixed point subgroup under 
some Steinberg-Lang endomorphism F. The set of pairs in the finite group G that 
generate an irreducible subgroup on any finite collection of modules for Q are the 
F-fixed points of an open subvariety of Q x Q. By results in arithmetic algebraic 
geometry, the proportion of elements in G x G which are in the complement is at 
most 0(1/ q) where q is the size of the field associated to F. By the results above, 
the remaining elements must generate a subfield subgroup. One then shows that the 
set of pairs of elements generating a proper subfield subgroup is quite small, whence 
the result. See [GLSS and |GLSj for variations on this theme. 

The rest of the paper is organized as follows. In §3 we prove some auxiliary results. 
Reduction theorems are proved in §4 which reduce the problem to the cases where 
either F*(G) is of symplectic type, or G is nearly simple. The case F*(G) is of 
symplectic type is completed in §5. The nearly simple groups are dealt with in §§6 
- 8. Main Theorems 11.41 H-5[ ll.6[ 12.91 12.111 and 11.71 are proved in §9. Theorem 
12.121 is proved in ^101 Some results about generation of finite groups of Lie type; in 
particular, a proof of Corollary 12.131 are exhibited in Hill The labels for numbered 
formulae also include the number of the section where the formula is located; for 
instance, formula (6.1) is the first numbered formula in §6. Some calculation in the 
paper has been done using the package GAP jSchj. 

3. Some Preliminary Results 

3.1. Complex case. In this subsection we gather some statements about represen- 
tations of complex Lie groups. In particular, V = C d . We start with the following 
trivial observation. 

Lemma 3.1. Suppose that G x < G 2 < GL(V) and M 2k (G 1 , V) > M 2k (G 2 , V). Then 
M 2k+2 (G 1 ,V)> M 2k+2 (G 2 ,V). 

Proof. Observe that the ^-module V ®V* = A® I contains the trivial submodule I 
as a direct summand. Let W := V® k . Then for any subgroup X of G 2 we have 

M 2k+2 (X, V) = dimEnd x (V ®W) = dim Horn* (V ® V*, W ® W*) = 

= dimHom x (J, W <g> W*) + dimHom x (A, W ® W*) = M 2k (X, V) + f(X), 
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where f(X) := dimHom x (v4, W®W*). Since f{G 1 ) > f(G 2 ) we have M 2k+2 (G 1 , V) > 
M 2k+2 (G 2 ,V). □ 

Lemma 13.11 shows that when I = the condition M 2k (Q) implies M 2 j(Q) for any 
3 < k. 

The following result is well known in invariant theory (see jWej ) . Recall that 
(2k — 1)!! is the product of all odd positive integers less than 2k. 

Lemma 3.2. Let V be an n-dimensional vector space. 

(i) M 2k (GL(V), V) = k\ for k = 1,2, ... , n. 

(ii) M 2k (Sp(V), V) = (2k - 1)!! for k = 1,2, ... , n. 

(hi) M 2k (SO(V), V) = (2k - 1)!! for 2k < n. □ 

We are thankful to N. Wallach for pointing out the following two results. 

Lemma 3.3. Let A be the adjoint module for Q = SL n (C) with n > 3. Then 
dim Honig (A,A®A) = 2. 

Proof. Let V = C n denote the natural ^-module and / the trivial module. It is well 
known that W := V ®V* = I® A, and V® 3 = S 3 (V)®A 3 (V)®2-S (2<1) (V) (where the 
last summand is obtained by applying the Schur functor corresponding to the parti- 
tion (2,1) to V, cf. jFHl p. 78]). Hence dimEom s (A, A® A) = dimHom g (^ 3 , J) 
equals 

dimHom g (W/® 3 , J) — 3 • dimHom g (H/ ® W, I) + 3 • dimHom e (H/ I) — 1 — 
= dimHom g (\/® 3 , V® 3 ) - 3- 2 + 3-1 = 2. 

□ 

Indeed, Wallach has pointed out the following lovely formula (which we will not 
need) : 

Lemma 3.4. Let Q be a simple Lie group of rank r and A the adjoint module for 
Q. Then dimHomg(*4, A ® A) = r — s, where s is the number of simple roots of Q 
that are perpendicular to the highest root. □ 

This leads to the following decomposition (and the answer can be easily verified). 

Lemma 3.5. Let A be the adjoint module for Q = SL n (C) with n > 4. Let Wi, 
1 < i < n be the fundamental weights for Q. The composition factors of A® A are 
precisely the trivial module, A (twice) and the modules 

(i) ^(2^! + 2u7 n _!), dim = n 2 (n - l)(n + 3)/4; 

(ii) V(w 2 + 2n7„_i), dim = (n + 2)(n + l)(n - l)(n - 2)/4; 
(hi) V(2w l + w n „ 2 ), dim = (n + 2)(n + l)(n - l)(n - 2)/4; 

(iv) V(w 2 + G7 n _ 2 ), dim = n 2 (n + l)(n - 3)/4. □ 
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3.2. Modular case. First we introduce some more notation to be used throughout 
the paper. Assume Q = GL(V) with d := dim(V) > 2 and set Y(V) := V <g> V*. 
Since 

dimRom g (Y(V),lg) = dimHom^lg, Y{V)) = 1, 

V®V* has a unique submodule T(V) such that Y(V)/T(V) ~ lg and a unique trivial 
submodule I. Then .A(V') := T(V)/(T(V) n /) is the only nontrivial irreducible (?- 
composition factor of Y. 

Now assume Q = Sp(V) with d := dim(V) > 4, or Q = 0(V) with d := dim(V) > 
5, and let Y(V) G {S 2 (V), A 2 (V)}. If dimHom g (F(y), 1 ) = 0, set / := 0, T(V) : = 
Y{V). If dimHom g (r(\/),l g ) = dimHom (l g , Y{V)) > 1, has a unique 

submodule T"(V) and a unique submodule J such that Y(V)/T(V) ~ / ~ lg. In 
both cases, T(V)/(T(V) fl /) is the only nontrivial irreducible ^-composition factor 
of Y, and we denote this subquotient by S 2 (V) if Y = S 2 and by /\ 2 (V) if Y — A 2 . 

We also agree to talk about S 2 (V) only when £ ^ 2, as S' 2 (l / ) has a filtration with 
quotients A 2 (V) and V {2) when £ = 2. 

Lemma 3.6. Assume G < Q satisfies M' 4 {Q). Assume H <\G and V [h is a direct 
sum of e > 2 copies of an irreducible ¥H -module U. Then O e (H) < Z(G). 

Proof. We may assume dim(C/) > 2 as H < Z(G) if dim(C/) = 1. Let x denote the 
Brauer character of G on V. li Q = GL(V), then (V <S> V*) [ H contains 1 H with 
multiplicity e 2 > 4. In the remaining cases, x is real-valued and so is the Brauer 
character of U, whence U ~ J7* . Consider F = S* 2 if £ 7^ 2 and U is of type +, 
and Y = A 2 otherwise. This choice ensures that Y(U) contains the submodule 1#. 
Hence Y(V) contains 1h with multiplicity e(e + l)/2 > 3. Thus in all cases Y(V) [h 
contains 1h with multiplicity > 3, whence X(V) contains 1r- But by assumption G 
is irreducible on X(V), so H is trivial on X(V). If denotes the Brauer character of 
Y(V), then for any ^'-element h G H we see that </ 7 (^) — ^(1)- Consider for instance 
the case Y = A 2 . We may assume that h = diag(ei, . . . , e^) for some roots e, of unity. 
Then 

d(d-l)/2 = ^l) = cp(h) = (x(h) 2 -x(h 2 ))/2= 

Since d = x(l) > 3, this implies that e± — . . . — ea — ±1, whence /i G Z(G). This is 
true for all f -elements /i G H, so £ (i7) < The other cases F = A or F = S" 2 

can be dealt with similarly. □ 

Proposition 3.7. Let Q = GL(V), Sp(V), or 0{V) and let G < Q . Assume G is 
irreducible on someX(V), with X = A ifQ = GL(V) and X G {S 2 , A 2 } ifQ = Sp(V) 
or Q = 0(V). Assume in addition that d > 3 if X = A or X = S 2 , and d > 5 if 
X = A . Then the following holds. 
(i) G is irreducible on V. 
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(ii) Assume G is imprimitive on V. Then X = A , £ ^ 2, Q = 0(V), and G is 
contained in the stabilizer '■ ^>d m Q of an orthonormal basis {e±, . . . , e^} of V . 
Moreover, G acts 2-homogeneously on {(ei)f, • • • , (ed)w}- 

(iii) Assume in addition that G satisfies the condition M' A (Q) and d > 5. Then G 
is primitive onV. If H <G, then either H is irreducible on V or O l (H) < Z(G). 

Proof. 1) Suppose G is not irreducible on V. Let U be a simple G-submodule of V 
and let W := V/U. First we consider the case Q = GL(V). By assumption, G is 
irreducible on A(V), whence the G-module V (E)V* has at most 3 composition factors. 
But the G-module V <8> V* has a filtration with nonzero quotients U <g> W*, U ®U* , 
W ® W*, and W <g) U*, a contradiction. 

Next we assume G is irreducible on X(V) with X = A . Then the G-module A 2 (V) 
has at most 3 composition factors: X(V) and at most 2 trivial ones. On the other 
hand, the G-module A 2 (V) has a filtration with quotients A 2 (U), U ®W , and A 2 (W), 
of dimensions a(a — l)/2, ab, and b(b — l)/2, where a := dim(C7) and b := dim(W). 
It follows that a, b < 2, and so d < 4, a contradiction. 

Notice that the condition d > 5 is necessary, as shown by the example of G — 
SL 2 (p 2 ) embedded in Sp(V) with V — U © and U being the natural module for 
G. 

The case X = S 2 is similar. 

2) Assume G is imprimitive on V: G preserves a decomposition V = ®\ =1 Vi with 
t > 1. By irreducibility, dim(V^) = a for d — at. 

Suppose X = A, so Q = GL(V). Then G also preserves the decomposition V* = 
®l = iV*, where V* = Anny* (©j^Vj). In particular, the permutation actions of G on 
{Vi, . . . , V t } and on {V\*, . . . , V t *} are the same. Hence the G-module V <S> V* has a 
direct summand ©* =1 V^ <g> V* of dimension ta 2 > 2 and codimension (t 2 — f)a 2 > 2. 
The irreducibility of G on ^4(V) forces 2 e {ta 2 , (t 2 — t)a 2 }, i.e. d = 2, contrary to 
our assumption. 

Suppose X = S 2 . Then the G-module S 2 (V) has a direct summand ©• =1 5' 2 (^) of 
dimension ta(a + l)/2 > 2 and codimension t(t — l)a 2 /2 > 1. The irreducibility of G 
on £ 2 (y) forces that either ta(a + l)/2 = 2 or t(t - l)a 2 /2 < 2, i.e. d = 2, contrary 
to our assumption. 

Finally, suppose X = A z . Then the G -module A 2 (V) has a direct summand U : = 
©* =1 A 2 (Vj) of dimension ta(a — l)/2 > and codimension t(t — l)a 2 /2 > 1. If a > 3, 
or if a = 2 but t > 3, then dim(C/), codim(C7) > 3. Since d = at > 5, the irreducibility 
of G on A 2 (V) forces a = 1 and t = d. This also implies that G acts primitively on 

3) We continue to study the situation of 2) with X = A . Denote Q := {Vi, . . . , V^}. 
We have shown that Vi = (ej)p for some basis {ei, . . . , e^} of V. 

We claim that G is 2-homogeneous on f2. Assume the contrary: G has more than 
one orbit on fi 2 := | a ^ (3 E £1}. Let O be such an orbit. If O has 
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length 1, say O = {{Vi, V^}}, then G preserves {Vi,V 2 }. If O has length 2, say 
O = {{Vi, V 2 }, {Vi, V 3 }} or = {{Vi, V 2 }, {V 3 , V 4 }}, then G preserves {Vi, V 2 , V 3 } or 
{Vi, V 2 , V3, V4}. In both cases G is intransitive on Q, contrary to the irreducibility of 
G on V. So the length of any G-orbit on f2 2 is at least 3. It follows that G has a 
submodule of dimension and codimension > 3 in A 2 (V), contrary to the irreducibility 
of G on A 2 (V). 

Let (•, •) be the (/-invariant bilinear form on V. Suppose that (ei, e 2 ) = 0. Since G 
is 2-homogeneous on Q, we have {e^ej) = whenever i 7^ j. This can happen only 
when £ 7^ 2, Q = 0(V), and clearly (e±, ei) = ... = (e d , e rf ), so we may assume that 
{ei, . . . , e^} is an orthonormal basis of V, as recorded in (ii). 

From now on we will assume that (e*, e^) 7^ whenever i ^ j. Observe that if g G G 
preserves say Vi and V 2 , then g fixes ei A e 2 . Indeed, by assumption g(ei) = a^e^ for 
some <2j G F and i = 1,2. Then 7^ (ei,e 2 ) = (g(ei), g(e 2 )) = aia 2 (ei,e 2 ), so 
aia 2 = 1, whence (7 fixes ei A e 2 . 

Similarly, if (•, •) is alternating and g G G fixes (ei A e 2 )p, then (7 fixes e 4 A e 2 . 
Beacause of the above discussion, it suffices to consider the case g : e± 1— > &ie 2 , e 2 1— > 
6 2 ei for some 6j G F. Then 

7^ (ei,e 2 ) = (^(ei),^(e 2 )) = b 1 b 2 (e 2 ,e 1 ) = -b 1 b 2 (e 1 ,e 2 ), 

so bib 2 — — 1, whence (7 fixes ei A e 2 as stated. 

4) We continue to study the situation of 3). For i 7^ j, let Gy := Stabc((ei/\ej)) = 
Staba({V i: Vj}), and let be the character of G^- acting on A e^. Since G is 
2-homogeneous on f2, A 2 (V) = Ai 2 | G. We claim that dimEndcr(A 2 (V)) is at least 
2 if £ 7^ 2, and at least 3 if (•, •) is alternating. Indeed, by Mackey's theorem we have 

dimEnd G (A 2 (V)) > 1 + dimHom Gl2nGl3 (Ai 2 , A13) + dimHom Gl2nG34 (Ai 2 , A 34 ). 

Let g G G\ 2 n Gi 3 . Then g fixes Vi, V 2 , and V 3 , whence g fixes e\ A e 2 and ei A e 3 by 
3). Thus Ai 2 = A13 = 1 on G 12 n Gi 3 . This implies that dimEnd G (A 2 (V)) > 2. Now 
assume that (•, •) is alternating. Consider any g G Gi 2 fl G 34 . Then g fixes (e± A e 2 )p, 
so g fixes ei A e 2 by 3). Similarly, (7 fixes e 3 A e 4 . Thus Ai 2 = A 34 = 1 on Gi 2 fl G 34 . 
This implies that dimEnd G (A 2 (V)) > 3. 

5) Here we complete the analysis of the situation of 3). Suppose £ 7^ 2 and 
(•, •) is symmetric. Then G is irreducible on A 2 (V) = A 2 (V), but this contradicts 
the inequality dim End G (A 2 (V)) > 2 proved in 4). So we may assume that (•, •) 
is alternating, whence dimEnd G (A 2 (V)) > 3 as proved in 4). Fix three linearly 
independent f,g,h G End G (A 2 (V)). Since (•, •) is alternating, the (/-module A 2 (V) 
contains a trivial submodule I. 

Assume /(/), g(I) ^0. Then /(/), g(I) ~ 1 G . If /(/) ^ g(I), then dim Hom G (l G , A 2 (V)) > 
2, contradicting the irreducibility of G on V. So /(/) = g{I). Replacing g by g — af 
for a suitable a G F, we get g(I) = 0. Thus we may assume g(I) = h(I) = 0. 
Denoting A 2 (V) by X for short. Then X is a submodule of the ^-module A 2 (V)/J. 
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If g(X) = h(X) = 0, then g,h G Hom^l^, A 2 (V^)) which is of dimension 1, whence 
g, h are dependent, a contradiction. So we may assume that h(X) ^ 0, hence X is 
a submodule of the G-module A 2 (V) as G is irreducible on X. Now if the (/-module 
A 2 (V) has only one trivial composition factor, then A 2 (V) ~ X © 1 G as G-modules 
and dimEndc^A 2 ^)) = 2, again a contradiction. So the (/-module A 2 (V) has / as a 
composition factor of multiplicity 2. 

The action of G on A 2 (V)/X induces a homomorphism ir from G into the £-group 

1. Then X := Ker(7r) > O l (G) acts trivially on the 2-dimensional module 

A 2 (^)/X, so we get 

2 < dimtiom x (A 2 (V), l K ) = dimHom^(l x , A 2 (V)) < dim Horn*: (1 K , V <g> V*), 

whence Vr is reducible by Schur's lemma. Write V [k= e(Q)j =1 Uj) where Ui, . . . , U s 
are distinct X-irreducibles. Then es > 1 and G permutes the s isotypic components 
of K on V. The results of 2) imply that either s = 1 or s — d. First we consider 
the former case, that is s = 1. Since V is self-dual, the X-module U := U\ is also 
self-dual. Observe that A 2 (V) Ik contains Ik with multiplicity > 3. (For it is so if 
e > 3, or if e = 2 and U is of type — . If e = 2 and U supports no alternating form, 
then £ ^ 2 and A 2 (V) | A -~ A 2 {U) © U ® U © A 2 {U) contains l K with multiplicity 1, 
contrary to the inequality 2 < dimHom^(A 2 (K), 1^-).) As in the proof of Lemma 13. 61 
we can conclude that Z(G) > O e (K) = 0\G). It follows that G = Z{G)P for some 
Sylow ^-subgroup P of G. But in this case the dimension of any ^-modular absolutely 
irreducible representation of G is 1. In particular, dim(V) = 1, a contradiction. 

So we must have s = d and e = 1. By 3), G, and so G/K, acts 2- homogeneously 
on {Ui, U d }. Thus d(d - l)/2 divides G/K, which is an £-power as K > E {G). 
This is impossible as d > 5. This contradiction finishes the proof of (ii). 

6) Assume G satisfies M' 4 (g) and d > 5. If £ ^ 2 then M'±(Q) implies that G is 
irreducible on A.(V) or S 2 (V). Hence (ii) implies that G is primitive on V. 

Assume H < G and H is not irreducible on V. Then Clifford's theorem and the 
primitivity of G implies that V In is the direct sum of e > 2 copies of an irreducible 
//-module U. By Lemma EH 0\H) < Z{G). □ 

Corollary 3.8. Assume d > 5, G < Q and G is reducible on V . Then for all k > 2, 
M 2k (Q) fails for G. 

Proof. By Proposition !3.7lT j. M±(Q) fails for G. Next, V is a (/-composition factor 
inside V® 2 ® V*, so M 6 (£) fails for G. Since M 2k (Q) implies M 2fc _ 4 (^), M 2fc (^) fails 
for G. □ 

Lemma 3.9. Assume either Q = GL(V) with d > 3, or Q = Sp(V), 0(V) with 
d > 5. Assume G <Q satisfies the condition M^(Q). Consider X = A if Q = GL(V) 
and X G {S 2 , A 2 } otherwise. Then the G-module T(V) is indecomposable. 
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Proof. Assume the contrary. Then T(V) ~ X(V) © 1 G as G-modules. In particular, 
1 = dimHom G (l G , T(V)) < dimHom G (l G , Y(V)) = dimHomc^Y^), 1 G ), whence 
Y(y)/T{V) ~ 1 G . The action of G on Y(V)/X(V) induces a homomorphism tc from 



on the 2-dimensional module Y(V)/X(V), we get 

2 < dimHom H (y(V), l H ) = dimHom^(l ff , Y(V)) < dimHom H (l H , V ® V*), 

whence Vh is reducible by Schur's lemma. By Proposition 13.71 Z(G) > O e (H) = H. 
It follows that G = Z(G)P for some Sylow ^-subgroup P of G. But in this case 
the dimension of any ^-modular absolutely irreducible representation of G is 1. In 
particular, dim(V) = 1, a contradiction. □ 

Lemma 3.10. Let T be an ¥G-module with soc(T) = 1 G and X := T/soc(T) is 
nontrivial irreducible. Assume dim Home (T, lc) > s > 1 for some C < G. Then 

(i) X is a composition factor of (lc) T G with multiplicity at least s. 

(ii) Assume C < N < G and N/C is abelian. Then X ^ A f G for some 1- 
dimensional WN -representation A. 

Proof, (i) is just jMMTl Lemma 2.1]. 

(ii) Let M be the smallest C-submodule of T such that all C-composition factors 
of T/M are trivial. By assumption, M^T, and clearly M is iV-stable. Next, T/M 
has a simple quotient lc and clearly 1 G extends to iV since N/C is abelian. By 
[MT1J Lemma 2.2] the iV-module T/M, and so T, has a 1-dimensional quotient say 
A, i.e. ^ Rom N (T, A) ~ Hom G (T, A | G). Pick a nonzero / G Hom G (T, A | G). If 
Ker(/) D soc(T), then Ker(/) = soc(T) and so ^ / G Hom G (X, A ] G), whence 
X * A | G. Otherwise Ker(/) = 0, / embeds T in A f G and we are again done. □ 

A key ingredient of our arguments is the following statement (see also MMT, Prop. 



Proposition 3.11. Let Q = GL(V) with d > 3 or Q G {Sp(V),0(V)} with d>5. 
Assume G is a subgroup of Q satisfying the condition M' A (Q). Assume C < N < G, 
N/C is abelian, and V j G = V\@ ■ ■ ■ @V t for some t > 2 nonzero C-submodules Vi. 
Then the following hold. 

(i) If Q = GL(V) then A(V) enters (1 G ) | G with multiplicity > t - 1, and 
A(V) "—>■ A | G for some 1-dimensional FN-module A. 

(ii) Assume V = V* as Q -modules and Hom G (V^, V*) = whenever i ^ j. Then 

there is an X G {S 2 , A } such that X(V) enters (1 G ) | G with multiplicity > t - 1, 
and X(V) ■=— > A f G for some 1-dimensional WN-module A. 

(iii) Assume V = V* as Q-modules. If £ ^ 2, assume that there are some i ^ j 
such that Hom G (Vi, V*) ^ 0. If £ = 2, assume that V | G is the sum of at least 3 




Clearly Ker(7r) > H :— O i (G). Since H acts trivially 



2.3]): 
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indecomposable summands. Then there is an X e {S 2 , A } such that X(V) enters 
(lc) T G an d A | G for some 1-dimensional WN-module A. 

Proof. By Lemma 13.91 the G-module T(V) is indecomposable for X = A if Q = 
GL(V) andX G {S 2 , A 2 } otherwise. By assumption, G is irreducible on T(V)/soc(T(V)). 

1) First we consider the case Q = GL(V) and set Y(V) = V ® V*. Since 
(V*) lc— ®\ =1 V*, we see that Y(V) contains the submodule @\ =l Vi © V*, whence 
dimHomc(F(V r ), lc) > t. Since dim(Y(V)/T(V)) < 1, the restriction map 

Res T(y) : Bom c (Y(V),lc) Homc(T(V% l c ) 

has kernel of dimension < 1. Hence dim Home (T(V), lc) > t — 1 > 1. Now (i) 
follows from Lemma 13. 101 applied to T = T(V). 

From now on we may assume that V = V* as (/-modules and let b be a (/-invariant 
nondegenerate bilinear form on V. 

2) Here we consider the case of (ii). For B := (Bj^iVi we have B/(B R V^) ~ 
(B + V^/Vf < V/V+ ~ V*. If B/(B n V- 1 ) ^ 0, then we get a nonzero C- 
homomorphism B — > V^*, contradicting the assumption that Homc(Vy, V*) = for 
all j ^ i. Hence B C . Comparing dimension we see that B = V^. Thus 
V{ fl V^- 1 = 0, whence b is nondegenerate on V^. 

Choose Y = S 2 if i ^ 2 and b is symmetric, and Y = A 2 otherwise. Then 
Homc(X(Vi), lc) 7^ 0, whence dim Home (^(V"), lc) > £■ Now we can proceed as in 

1)- 

3) Assume V = V*,£^2, and Hom c (y„ V*) ^ for some i ^ j. Choose Y = S 2 
if b is alternating and K = A 2 if b is symmetric (recall that £ ^ 2 here). This choice 
ensures that X(V) = Y(V). Since d > 5 and G satisfies M'^Q), G is irreducible on 
X(V). Next, Y(V) |c contains the direct summand Vj <8> Vj, hence 

dim Home (X(V), lc) > dimHomc^ © Vj, l c ) = dimHom c (^, V*) ^ 0, 

and so X(V) is a submodule of (lc) T G by irreducibility of X(V). Arguing as 
in the proof of Lemma 13.101 we see that X(V) is a submodule of \ 1 G for some 
1-dimensional FiV-module A. 

4) Finally, assume that V = V*, £ = 2 and V |c= ©f=i#i is the sum of s > 3 
indecomposable direct summands. Choose Y" = A 2 . As above, it suffices to show 
that dimHomc(F(\/), l c ) > 2. We have @ s i=l Ui = V | c ~ V* | c ~ ©f =1 C/*. By the 
Krull-Schmidt theorem, each U* is isomorphic to some Uj. Thus we get an involution 
permutation r : i i— *■ j of {1, 2, . . . , s}. If r contains > 2 transpositions, we may 
assume that U 2 — U± and U4 ~ 17%, whence Y(V) lc has a submodule 

E/i © U 2 © E7 3 © C/4 ^ C/ 2 * © ^2 © Ul © C/ 4 

and so dimHomc(Y(V), lc) > 2. Assume r has > 2 fixed points. Then we may 
assume that U\ ~ and £/ 2 — U%- Since {7j, j = 1,2, is self-dual and £ = 2, 
F(t7j) has lc as a submodule. Now Y(V) lc has a submodule Y(U\) © Y"(£7 2 ), 
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so dim Home (Y (V ), lc) > 2. Finally, assume r has < 2 transpositions and < 2 
fixed points. Since s > 3, this implies that s = 3 and we may assume Z/i ~ £7* 
and U 3 ~ In this case, Y(V) lc has a submodule V(C/i) © C/2 <§) L3, so again 
dimHom c (F(y),l c ) > 2. □ 

The following lemma is useful in checking M2k{Q) with large fc: 

Lemma 3.12. Assume d = dim(V) > max{4, 2k} and let e := |_cZ / 2 J . 

(i) The Q -module A h (V) inside V® k contains a composition factor W of dimension 

at least 2 k Q . In fact A k (V) is irreducible ifQ = GL(V). 

(ii) Assume i ^ 2, Q = SO{V), and k < d/2. Then A k {V) is Q -irreducible. 

Proof, (i) Consider the highest weight w of A k (V). If Q ^ 0(V), or if Q = 0{V) but 
d > 2/c + 3, then w = Wk- Assume Q = 0(V). If d = 2k + l, then w = 2wk- If d = 2k 
then w = 2ujk-i + 2wk, and if d = 2k + 2 then w = w^+zj^x, cf. |Dyn| . In all cases, 

the orbit of w under the action of the Weyl group of Q has length at least 2 k 

(and exactly = dim(A fc (K)) if Q = GL(V)). Let W be the irreducible (/-module 

L{w). Since L{w) has to afford the whole orbit of w, the statements follow. 

(ii) See [El (8.1)]. □ 

We will need some statements about ^-composition factors of V® e with e < 4. 

Proposition 3.13. Let i ^ 2, 3, 1 < e < 4, 1/ = F d , and V c = C d . 

(i) Assume Q = GL(V) and d > 4. TLen the Q-module V® e is semisimple. More- 
over, all GL(Vc) -composition factors of V® e remain irreducible modulo I. If d > 8, 
then all distinct Q-composition factors of V® e are of distinct degrees. 

(ii) Assume Q = Sp(V). Then S e (V) is an irreducible direct summand of the 
Q-module V® e . 

(hi) Assume Q = SO(V) and d>9. Then A e (V) is an irreducible direct summand 
of the Q-module 



Proof. 1) We may assume that V is obtained from Vc by reducing modulo I. Consider 
the natural action of S := Sym e on V® e by permuting the e components. Clearly, 
this action commutes with the natural action of Q := GL(V) on V® e . Hence we get a 
homomorphism it : FS — > Endg(V® e ) of algebras. Since £ 7^ 2, 3, we can decompose 
FS = ©Ahe^A a s direct sum of matrix algebras. Claim that 7r is injective. Assume 
the contrary. Then Ker(7r) contains A\ for some A h e. Observe that the Young 
symmetrizer c\ annihilates all A^ with u. 7^ A. Hence c\ annihilates the action of FS 
on V® e , whence c\{V® e ) = 0. On the other hand, it is well known that c\(V® e ) is the 
direct sum of dim(S' A ) copies of Sa(Vc), where S x is the Specht module of S labelled by 
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A (cf. |FHj for the definition of §>). Reducing modulo £, we see that M x '■— c\( 
has the same dimension as of c\{V® e ) and so it is nonzero, a contradiction. 

The above argument also shows that V m = Q)\\- e M\ as (/-modules. Setting 
m = dim(S' A ), we see that A x — Mat m (¥) acts on M x . We can decompose c\ as 
the sum of m idempotents en, 1 < % < m, of Mat m (¥). This allows us to write 
M\ = Q)i<i< m enM\ as (/-modules. Moreover, the eaM\s are transitively permuted 
by Mat m {¥), so they are isomorphic (/-modules. Denoting any of them by Sa(V), 
we see that it can be obtained by reducing §a(Vc) modulo I. Moreover, §a(^) is a 
Weyl module W{w) with highest weight say w and simple head L{w). Similarly, 
(y*)® e = ©AheC A ((y*) 0e ), and each c x ((V*)® e ) is the direct sum of dim(S A ) copies of 
S X (V*). 

The crucial observation is that the (/-module V is a Weyl module and at the same 
time a dual Weyl module. In other words, V* ~ V# as (/-modules, where V# is 
V as an F-space, but with g G Q acting as r(g) on V, and r : g i— > t g is an 
outer automorphism of Q. Since c\{V® e ) and c\((V*)® e ) are annililated by all c M 
with /i ^ A, applying # we get c x {V® e ) = (c A ((K*)® e )) # . The ^-modules S A (V) 
and Sa(^*) are indecomposable as Weyl modules, so by the Krull-Schmidt theorem, 
^a(^) = (§>a(V*)) # - The left-hand side has L(w) as simple head, meanwhile the 
right-hand side has (L(gj)*) # ~ L{w) as simple socle. Thus L{w) is simultaneously 
simple head and simple socle of W(w), and it is a composition factor of multiplicity 
1 of W{vo). It follows that W{w) = L{w). We have shown that V"® 6 is semisimple 
and §A(Vc)(mod£) is irreducible. 

Finally, we indicate the dimension of §a(V). This is just the multiplicity of S x in 
the Sym e -module V® e : . If e = 1 we get A = (1) and dim(§A(V)) = d. If e = 2 we 

get \ ~t) J, resp. (f ), for A = (2), resp. (I 2 ). If e = 3 we get \~t J, resp. 



d{d 2 - l)/3, Q, for A = (3), resp. (2,1), (l 3 ). If e = 4 we get ^4 J, resp. 
d(d + 2)(d 2 - l)/8, d(d - 2)(d 2 - l)/8, d 2 (d 2 - 1)/12, ( d ) , for A = (4), resp. (3, 1), 



(2, l 2 ), (2,2), (l 4 ) (and the highest weights are 4tz7 1; 2w\ + ro 2 , w\ + U7 3 , 2?Z7 2 , and 
W4). In particular, if d > 8 then all the dimensions in V® e are distinct. 

2) Now (i) follows from the results proved in 1). For (ii), resp. (iii), observe that 

Y := S e (V), resp. A e (V), is a direct summand of the (/-module V® e by 1), and 

V ~ V* as (/-modules. Moreover, Y is a Weyl module for Q . Arguing as in 1) with 
r replaced by the trivial map, we conclude that Y is irreducible. □ 



Remark 3.14. (i) An analogue of Proposition \3.13 holds for V® e if £ > e and 
dim(V) > 2e. Indeed, we need only the fact that the algebra FSym e is semisimple, 
and A e (Vc) is irreducible over 0(V). 
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(ii) Proposition \3.1% fails for £ = 2,3. For, the Weyl module S 4 (V) has highest 
weight 4m i and so by Steinberg's tensor product theorem it has a proper simple head 
V <8> V^ 3 -* when £ = 3 and when £ = 2. Furthermore, the 0(V)-module A 4 (V) is 
reducible when £ = 2 (since O(V) embeds in S'p(V)). 

Remark 3.15. Assume £ > 7, Q = GL(V), and d > 14. Then M 12 (Q) implies 
Mg(Q). Indeed, consider the corresponding module Vc for Q c . Then S 2 (S 3 (Vc)) = 
§(6,o) (^c) © §(4,2) (Vc) is a direct sum of two C/c-hreducibles (with highest weights 
6zui and 2(mx + m 2 )). By Remark 13.141 the same is true for Q. Now if G < Q 
satisfies M 12 (Q), then G also has two composition factors on S 2 (S 3 (V)), whence G 
is irreducible on S 3 (V). 

Proposition 3.16. Let Q = SO(V) with £ > 3, d > 10, and £\(d + 2). Then all Q- 
composition factors of S 3 (V) are L{3m\) (with multiplicity 1), and V. Furthermore, 
dim(X(3tJ7i)) is at least (2m + l)(2m 2 + 2m + 3)/3 if d = 2m + 1, resp. Am(m 2 + 2)/3 
if d = 2m. Moreover, aii O(V) -composition factors of S 3 (V) have dimension equal 
to dim (£(3-071)) (with multiplicity 1 ), or dim(V). 

Proof. Let Vc = C d be endowed with a nondegenerate symmetric bilinear form and 
let (j ■ = SO(Vc). Furthermore, Lc{w) denotes the irreducible C/c-module with 
highest weight w. Since £ > 3, the weight 3wi is restricted. Hence, by Premet's 
theorem [Pre], L(3wi) affords the same weights as of Lc{3vo\). Observe that S 3 (Vc) = 
Lc(3zji) © Vc- We may assume that V is obtained from Vc by reducing modulo £. 

1) First we consider the case d = 2m + 1. One can check that the dominant weights 
afforded by Lc(3wi) are 3wi, zui + zu 2 , zu 3 , 2wi, w 2 (all with multiplicity 1), w\ (with 
multiplicity m), and (with multiplicity m). The length of the orbit of those weights 
under the Weyl group is 2m, 4m(m — 1), 4m(m — l)(m — 2)/3, 2m, 2m(m— 1), 2m, and 
1, respectively. Hence Premet's theorem implies that dim(L(3r<7i)) is at least the sum 
of the lengths of all these orbits, which is (2m + 1) (2m 2 + 2m + 3)/3. It is well-known 
that the Weyl module V(3zi7i) with highest weight has the same composition factors 
(with the same multiplicities) as of the ^-module Lc(3ct7i)(mod£). In particular, 
the multiplicity of L(3wi) in S 3 (V) is 1. Let L(p) be any ^-composition factor of 
S 3 (V) other than L{3wi). Then \i cannot be any of the weights w\ + to 2 , zu 3 , 2m 1, 
or m 2 , since each of them occurs in L c {3mi) with multiplicity 1. Observe that /i 7^ 0. 
Assume the contrary. Then the weights 3m\ and are linked by the linkage principle 
jjanj. This means that 3m\ and belong to the same orbit under the action of the 
affine Weyl group, which is generated by the maps s a ,k '■ A 1— > s a (\ + p) — p + k£a, 
a any simple root and k any integer. Here s a is the reflection corresponding to a, 
and p = YHLi w i- Direct computation shows that \s a ^(\) + p\ 2 = |A + p| 2 (mod£) 
for any weight A. So the assumption that 3m \ and are linked implies that £ divides 
\3m\+ p\ 2 — \p\ 2 = 6m + 3. But this is impossible, since 3 < £\{2m + 3). Thus p = mi, 
as stated. 
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2) Next we consider the case d = 2m. One can check that the dominant weights 
afforded by L c (3zui) are 307!, w\ + uj 2 , zu 3 (all with multiplicity 1), and W\ (with 
multiplicity m — 1). The length of the orbit of those weights under the Weyl group is 
2m, Am(m — 1), 4m(m — l)(m— 2)/3, and 2m, respectively. Hence Premet's theorem 
implies that dim(L(3tui)) is at least the sum of the lengths of all these orbits, which 
is 4m(m 2 + 2)/3. As above, the multiplicity of L(3wi) in S 3 (V) is 1. Let L(/j,) be any 
(/-composition factor of S 3 (V) other than L(3w\). Then p, cannot be any of w% + 

or tu 3 , since each of them occurs in Lc(3wi) with multiplicity 1. Hence p, = tui, as 
desired. 

3) For 0(V)-composition factors of S^V), just observe that w\ is 0(V)-stable, so 
and L{3w\) both extend to 0(l^)-modules. □ 

Sometimes we will have to use the condition M' S {Q) to exclude the examples that 
survive the condition M' A (Q): 

Proposition 3.17. Assume G < Q is a finite subgroup satisfying the condition 
M',{Q). 

(i) Assume that Q = GL(V) with d > 5, £ ^ 2, 3, and that the G-module V lifts to 
a complex module Vc- In addition, assume C < G and Vq lc— A®B with A,B ^ 0. 

Then either A(Vc) enters lc I G with multiplicity >2, or ( ~^ J < (G : C). 



4 

(ii) Assume V [ c = A® B ® B* for some C < G and B ^ 0. Assume £ £ 2 if 
Q = 0(V) and £=£2,3 if Q = Sp(V). Assume in addition that d > 4 if Q = Sp(V), 
and d > 9 and dim(B) > 1 if Q = 0(V). Then one of the following holds. 

d + 3 ^J < (G : C), £ £ 2, 3, and Q = GL(V) or Sp{V). 

(b) (^j <(G:C). Furthermore, either Q = GL(V) and £ = 2,3, or Q = 0(V). 

Proof. 1) Consider the case of (i) and set Qc = GL{V<c). By Proposition ^. 13f i) . the Q- 
module V® A is semisimple and dimEndg^® 4 ) = 24 according to Lemma f3. 21 Hence 
the condition M$(Q) implies that dimEndc(^® 4 ) = 24 as well. Since the G-module 
V® 4 is semisimple and V lifts to Vc, this in turn implies that dimEndc(V c 24 ) = 24. 
Thus G satisfies the condition M&(Gc)- m particular, G is irreducible on if> 4 (Vc). 
Assume dim (A) = 1. Then S 4 (Vc) lc contains the submodule S A (A) of dimension 1, 

so by Frobenius' reciprocity S 4 (Vc) is a quotient of S A (A) | G, whence f^^^J — 

(G : C). So we may assume dim(A), dim(B) > 2. 

We also have dimEnd G (H/) = 24 for W := V® 2 ® (V c *)^ 2 . Clearly, (V c <g> V£) [ c = 
M®N®K®K*®2-l c , where A® A* = M®l c , B®B* = N®l c , and K = A®B*. 
Since dim(A), dim(i?) > 2, we have dim(M), dim(iV), dim(K) > 3 and M, N are self- 
dual. Next, W lc contains A-l c ®M®M®N®N®2-K®K*, whence 11' i r 
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contains 8 • l c . According to Lemma 1331 W lg= 2 • l g © 4 • A(V C ) © (®f =1 -Bi) for 

some (/-modules 5^ of dimension larger than f J ■ Since dimEndc(W / ) = 24, G 

is irreducible on *4(Vc) and on each Bi. If lc enters 5, for some i, then by Frobenius' 
reciprocity Bi enters lc* T G and so dim(£>j) < (G : C). Otherwise lc* enters A(Vc) 
with multiplicity > 1, and so we are done. 

2) Next we consider the case of (ii). Set Z = S if (Q, I) = (GL(V),^ 2,3) or 
Q = Sp(V), and Z = A otherwise. By Lemma T3.12I and Proposition 13.131 Q is 
irreducible on Z A (V). Next, M$(G) implies G is irreducible on Z^{V). On the other 
hand, Z 4 (V) lc contains the nonzero submodule Z 2 (B) eg) Z 2 (B*), so it contains lc- 
By Frobenius' reciprocity, Z (V) is a (nontrivial) irreducible quotient of lc T G, 
whence dim(Z 4 (V r )) < (G : C). □ 

Remark 3.18. Statement (i) of Remark 13 . 1 41 and the argument in p.l) of the proof of 
Proposition 13.171 also show the following partial reduction to complex case. Assume 
£ > k, G a finite group, the FG-module V is not self-dual, dim(V) > k, and V lifts to 
a complex module Vj> Let Q = GL(V) and Qc = GL(Vc). Then G is irreducible on 
all Q -composition factors ofV® k if and only if G is irreducible on all Q^-composition 
factors ofV® k . In particular, if M 2 k(G) holds for V then M 2 k{Gc) holds for Vc- 

4. Reduction Theorems 

In this section we provide the reduction to the case where a finite group G is either 
nearly simple or the normalizer of a group of symplectic type. We begin with the 
following proposition. 

Proposition 4.1. Let F be an algebraically closed field of characteristic I > 0, 
V = ¥ d with d > 5, and let Q be a classical group on V . Let X = A if Q = GL(V), 
X = S 2 ifG = Sp(V) and i ^ 2, and X = A 2 otherwise. Assume that G < Q 
is a finite subgroup such that G is irreducible on X(V). Assume G has a normal 
quasi-simple subgroup S G Lie(£). Then 

(i) S is not of types 2 B 2 , 2 G 2 , or 2 F 4 ; 

(ii) V Is is restricted (up to a Frobenius twist). 

Proof. 1) First we show that V is irreducible over S. Assume the contrary. Then p. 
2) of the proof of Proposition 13 . 71 shows that either V Is— ell for some FS-irreducible 
module U and e > 2 or all irreducible constituents of V Is are of dimension 1. The 
latter case is impossible as S is perfect. Assume we are in the former case. If X = A 
or if I = 2, then the proof of Lemma f3.6l shows that X(V) Is contains I5. Assume 
£ ^ 2 and I / A Then V ~ V* and so U ~ U*. Observe that X(V) = S 2 (V) 
or A 2 (V) here, so again X(V) Is contains I5. Thus in all cases X(V) Is contains 
I5, whence S must act trivially on V. The proof of Lemma 13.61 now yields that 
S = O e (S) < Z{G), a contradiction. 
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As a consequence, we see that Oe(Z(S)) — 1, so S is a quotient of the finite group 
of Lie type S of simply connected type, defined over ¥ q with q = I* . Let H be the 
algebraic group corresponding to S. We can view V as an S'-module and extend it 
to an 7i-module. 

2) Here we show that S cannot be of types 2 B 2 , 2 F 4 . Assume the contrary. Then 
i = 2. Decompose V Is— V± <S> V 2 <S> ■ ■ ■ <S> V t into nontrivial tensor indecomposable 

~ 2 

irreducible S'-modules. Then all Vi are self-dual, and so X(V) Is contains A (V) Is- 
Observe that A 2 (V) | s contains S 2 (Vi) <g> S 2 {V 2 ) <g> S 2 (V t ~i) <g> A 2 (V). But S 2 (Vi) 
and A 2 (Vi) contains l s , and S 2 (Vi) contains . It follows that V x (2) ^ X(V) { s . 
Similarly, X(V) Is for all i. Since G is irreducible on V and S < G, we get 

dim(V^) = e for all i, and e divides dim(X(V)). Now e = 4 if 5 = 2 B 2 {q), and e = 26, 
246, 2048, or 4096 if S = 2 F 4 {q)'. Since dim(X(V)) = e 2t - a or e*(e* - l)/2 - a 
with a = 1 or 2, we see that e cannot divide dim(X(V)) if e* > 4. Since e* = d > 4 
by assumption, we get a contradiction. 

3) Next we show that S cannot be of type 2 G 2 - Assume the contrary: S = 
2 G 2 (3 2a+1 ). Then £ = 3. Decompose V = V\ ® V 2 ® . . . <8> V t into nontrivial tensor 
indecomposable irreducible 7i-modules. Then all Vi are self-dual of type +. So V Is 
is of type +, whence X = A or A , and X(V) [s contains A (V). Moreover, each Vi 
is a Frobenius twist of L(zu) with the highest weight w = biW\ or biW 2 , and b± — 1 or 

2. (As in 2), this is a special feature of the algebraic group of type G 2 in characteristic 

3, and types B 2 and F 4 in characteristic 2.) We will denote L(bwi + b'w 2 ) by L(b, b'). 
We also assume that Wi corresponds to a short root. 

Suppose that some bi is equal to 2. Without loss we may assume that V\ = L(2, 0). 
Writing V = V x ® A, we see that A 2 (V) contains A 2 (Vi) ® S^A). But A is of type +, 

~ 2 ~ 2 

so A(V) contains A (Vi). One can checks that the H-module A (Vi) contains L(2, 1) 
(of degree 189) and L(l, 1) (of degree 49), both irreducible over 5. It follows that V 
is reducible over G, a contradiction. 

Thus all bi are equal to 1. Suppose t > 1. Without loss we may assume that Vi = 
L(l, 0), V 2 = L(3 C , 0) with < c < 2a. Notice that A 2 (L(1, 0)) = 2L(1, 0) + L(0, 1) 
and S 2 (L(1,0)) = L(0, 0) + L(2, 0) as ^-modules. As above, A 2 (V) contains A 2 (Vi), 
and so X(V) contains L(l, 0), which is of degree 7 and irreducible over S. Next, A 2 (V) 
contains ,S 2 (Vi) ® A 2 (V 2 ) and so it contains L(2, 0)®(L(3 C , 0) + L(0, 3 C )). IfO < c< a, 
then L(2, 0) ® L(3 C , 0) ~ L(3 C + 2, 0) is an S-irreducible of degree 189. If a < c < 2a, 
then < c - a < a, and L{2, 0) <g> L(0, 3 C ) ~ L(2, 0) ® L(3 c - a , 0) ~ L(3 c ~ a + 2, 0) is 
an ^-irreducible of degree 189. In all cases, X(V) contains S-irreducibles of distinct 
degrees, so it is again reducible over G. 

Thus t — 1. Without loss we may assume that V = L(1,0). In this case, A(V) 
contains L(2,0) (of degree 27) and £(1,0) (of degree 7), both irreducible over S, 

~ 2 

so A(V) is G-reducible. Furthermore, A (V) = 2L(1, 0) + L(0, 1) contains distinct 
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S-irreducibles with distinct multiplicities, so again it is reducible over G, a contra- 
diction. 

4) Now we can assume that S is not of types 2 B 2 , 2 G 2 , or 2 F 4 . According to 
Steinberg's tensor product theorem, cf. |KL| Thm. 5.4.1], V — Vi®V 2 <® ■ ■ ■ ®V t as 
S-modules, where Vi = \J\ , < n\ < n 2 < . . . < n t < f ', and all are nontrivial 
and restricted. Moreover, this decomposition is unique up to S-isomorphism. Ob- 
serve that any automorphism of S transforms this decomposition into another tensor 
decomposition satisfying the same constraints on the factors. Hence G acts on the 
set {Vi, V 2 , • • • , V t } (up to ^-isomorphism) . 

Next assume X G {A 2 ,S 2 }. Then V = V* as S-modules, so {V\, V 2 , . . . , V t } = 
{V{ ,V 2 , . . . ,V t *} by uniqueness of the Steinberg decomposition, whence Vi ~ V* as 
S-modules by the irreducibility of V is- 

We need to show that t — 1. Assume the contrary: t > 1. 

5) Let e := min{dim(Vi) | 1 < i < t}. Also, for each i let tj be the number of 
indices j with dim(Vj) = dim(T^). Observe that | Out (5*) | = af, with a < 3e (cf. [KL, 
§5.1]). Let M := Z{G)S. Since V | s is irreducible, G/M ^ Ont(S). Here we show 
that I G/M j < ati. Indeed, suppose \G/M\ > at\. Consider the subgroup F of outer 
field automorphisms of S. Then \F\ = f. Since \G/M\ > at\ and |Out(/9)| = af, it 
follows that F' := FC\G/M has order > t\. On the other hand, since U% is restricted, 
no nontrivial element in F can fix V\. Thus the G-orbit of V\ (cf. 4)) has length > t\, 
contrary to the choice of t\. 

6) Assume that dim(V^) > 3 for some i. It is easy to see that A(Vi), resp. A 2 (Vi), 
S 2 (Vi), contains some nontrivial S'-irreducible say Ai, resp. Bj, Ci. Here we show that 
X(V) contains a nontrivial S'-irreducible B 6 {Ai, B iy Ci}; moreover, one can choose 
B e {Bi, d} if all S-modules Vj are self-dual. Indeed, (V ® V*) Is contains Vi ® V*, 
and A 2 (V) ^ Vi® V* if Vi ~ V^*, so the claims follows for X = A. Next assume 
all S-modules Vj are self-dual. Then for each j ^ i we can choose Yj G {S* 2 , A 2 } 
such that l s ^ Yj(Vj). Given any Y G {S 2 , A 2 }, we can choose Yj G {S 2 , A 2 } such 
that Y(V) is contains ®jjtiYj(Vj) (8)3^(1^), and so V(V) |s contains or Cj. Hence 
A(y) is contains Bi or Cj. 

7) Suppose X = A for instance. Then according to 4) all the S-modules Vj are 
self-dual. We may assume dim(Vi) = e. 

First we consider the case e > 3 and t > 3. According to 6), X(V) contains an 
S'-irreducible B G {£>i,Ci}; in particular, dim(_B) < e(e + l)/2. Clearly, _B extends 
to an M- irreducible which we also denote by B, and then X(V) ^ (B f G). It 
follows that 

e*(e* - l)/2 - 2 < dim(X(V)) < (G : M) • dim(5) < 3et ■ e(e + l)/2, 

a contradiction since e, t > 3. 

The same argument applies to the case e > 7 and t = 2. If e = 6, then notice 
that |Out(S)| = af with a < 2e, so (G : M) < 2et, and we can use the same 
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argument. Assume 3 < e < 5, t = 2, and dim(V2) > e. Since the G-orbit of V± 
has length 1, (G : M) < 3e by 5). On the other hand, dim(V) > e(e + 1), so 
dim(X(V)) > (G : M) ■ dim(I?), a contradiction. Next assume 3 < e < 5, t = 2, and 
dim(Vi) = dim(V2). Since S has a self-dual irreducible module V\ of dimension e with 
3 < e < 5, S = PSp^q), and we may assume that both V\ and V 2 are (different) 
Frobenius twists of Liwi) for i = 1 or 2. Direct calculation shows that in these 
subcases A(V) contains S-irreducibles of distinct dimension, so X(V) is G-reducible. 

Now we may assume e = 2; in particular, S = L 2 (q) and |Out(5')| = af with 
a < 2. Assume that some has dimension g > 2 and set s := tj. Then dim(V) > 
2g s . According to 6), X(V) contains an S'-irreducible B G {Bi,Ci}, and dim(£>) < 
g(g + l)/2. According to 5), (G : M) < 2s. As above, B extends to M and 
X(V) ^ {B t G), so we get 

dim(A(K)) >/(2/-l)-2>2s-c?(^+l)/2> (G : M) • dim(£?), 

a contradiction. 

So now we can assume dim^) = . . . = dim(VJ) = 2, and t > 3 as d = dim(V r ) > 4. 
Also, (G:M)< 2t. Assume t is even. Then A 2 (V) contains S 2 ^) ® A 2 (y 2 ) ® • • • ® 
A 2 (Vf) ~ ^(Vi), whence A(V) contains an S'-irreducible B of dimension 2 or 3. It 
follows that 

2 *-i(2* - 1) - 2 < dim(X(V r )) < (G : M) • dim(5) < 2t • 3, 

a contradiction since t > 3. Assume t is odd. Since A = A is not considered when 
= Sp(V) and £ 7^ 2, we must have £ = 2. In this case S 2 (Vi) — Is + B for some 
S'-irreducible B of dimension 2. Furthermore, S 2 (Vi) and A 2 (Vi) contain I5. Since 
A 2 (V) contains S 2 (Vi) ®S 2 (V 2 ) <8> A 2 (\/ 3 ) ® . . . ® A 2 (\4), we see that X(V) | s contains 
5, and again the inequality dim(X(l / )) < (G : M) • dim(I?) yields a contradiction. 
The cases X = A or X = S 2 can be handled similarly. □ 

Remark 4.2. (i) Proposition 14.11 fails if d — 4. For consider S = L 2 (q 2 ) with g 
odd, and G is S extended by the field automorphism of order 2. If A is the natural 
2-dimensional module for SL 2 (q 2 ), then V := A® A^- qS> is a G-stable S-module, so V 
can be extended to G in such a way that G < Q = 0(V). One checks that A 2 (V) is 
irreducible over G. However, js is tensor decomposable and not restricted. 

(ii) An analogue of Proposition 14. II fails for Q = Sp(V) and X = A 2 . For consider 
S = SL 2 (q 3 ) with q odd, and G is S extended by the field automorphism of order 
3. If A is the natural 2-dimensional module for S, then V := A® A^ ® A^ q ' is 
G-stable, so V can be extended to G in such a way that G < Q = Sp(V). One checks 
that A (V) is irreducible over G. However, V Is is tensor decomposable and not 
restricted. 

(iii) The above examples also show that the FG-module V may be tensor inde- 
composable over G but yet tensor decomposable over S = F*(G). Here is a similar 
example but in cross characteristic. Consider S = Sp 2n (q) with q = 3, 5 and G is 
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S extended by the diagonal outer automorphism of order 2. Then S has complex 
Weil representations A, B of degree (q n — l)/2 and (q n + l)/2, respectively, such that 
A <g> B is irreducible and G-stable, cf. jMTll Prop. 5.4]. Now the CG-module A <g> B 
is tensor indecomposable over G but not over S. Thus it can happen that a (nearly 
simple) group G does not preserve a tensor decomposition of a space W but F*(G) 
does; in particular, F*(G) is contained in a positive dimensional subgroup of GL(W) 
(the stabilizer of the tensor decomposition) but G is not. 

Theorem 4.3. Let ¥ be an algebraically closed field of characteristic £ > 0. Let 
Q = GL(V) = GL d (F), d > 2, and let G be a closed subgroup of Q. Assume that G 
is irreducible on the nontrivial composition factor A(V) ofV®V*. Then one of the 
following holds: 

(i) SL(V) < G; 

(ii) £ > 0, SL d (q)' <G or SU d (q)' < G for a power q of I; 

(iii) F*(G) = Z(G)E, where E is extraspecial of order p 1+2a for some prime p ^ £ 
and d = p a ; 

(iv) G is finite and nearly simple with the nonabelian composition factor not a 
Chevalley group in characteristic £. 

Proof. First suppose that G is contained in TC, a proper closed subgroup of Q of 
positive dimension. Then any nontrivial irreducible composition factor of the adjoint 
module for the connected component TC embeds in the irreducible part ^4(V) of the 
adjoint module for Q. A straightforward dimension computation shows that Ti is not 
irreducible on A(V), (since dim(^4.(V A )) = d 2 — 1 — a, where a = 1 if £ divides d and 
otherwise). 

By Aschbacher's classification of subgroups of GL(V) [X] , the only possibilities for 
G not contained in a positive dimensional closed (proper) subgroup are normalizers 
of groups of symplectic type or nearly simple groups. 

All that remains to show is to consider the case G is nearly simple and its compo- 
sition factor is a finite simple group S G Lie(£). Moreover, the representation must 
be tensor indecomposable (more strongly, preserves no tensor structure) and primi- 
tive. Notice that S = E(G) is a quotient of the finite group of Lie type S of simply 
connected type. Let TC be the algebraic group corresponding to S. We can view V 
as an ^-module and extend it to an 7i-module. Using |KLl Prop. 5.4.3], one can 
see that the self-duality of the ^-module V implies that V ~ V* as 7i-modules. It 
follows that if S supports some nondegenerate bilinear form b on V then b is also Tt- 
invariant (we will need this observation for proving further theorems in this section) . 
By Proposition 14.11 S is not a Suzuki or a Ree group, and we may assume that V Is 
is restricted. In particular, G cannot induce any (nontrivial) field automorphism on 
S. 

We claim that G preserves the adjoint module for Ti which is contained in the 
adjoint module for Q . Assuming this claim, the irreducibility of G on *4.(V) implies 
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that TC must be SL(V). Thus G is essentially either SL d (q) or SUd(q); more precisely, 
(ii) holds. So we will prove the claim, and we give a proof which also works in the 
cases Q = Sp(V) or 0(V). 

The representation of G and 7i on V induces a homomorphism $ : G — > and 
\I> : ft — > with $ = f on 5 1 . Assume some g E G induces an outer diagonal 
automorphism on S. Then we can find h G ft such that g and ft, induce the same 
automorphism on S (via conjugation). Since V Is is irreducible, = A\P(/i) 

for some A G F* by Schur's lemma. It follows that $(<?) normalizes *$?(TC). Now 
assume g & G induces a nontrivial graph automorphism on S. Then there is a graph 
automorphism r of ft such that r{x) = gxg~ x for all x E S. Since the S'-module 
is g-stable, its highest weight is also r-stable, whence the ft-module V is r-stable. 
Thus *(r(y)) = Mm(y)M~ l for some M G GL(V) and for all y G ft. Also, for all 
x G 5 we have 

= <&{gxg~ l ) = ^to" 1 ) = *(r(z)) = M*(z)M _1 = A-f^M" 1 

so again $(g) = 7M for some 7 G F* by Schur's lemma. Since ^(g)^f(y)^(g)~ 1 = 
M^^M' 1 = *(t(2/)) for all y G ft, we see that $(5-) G N g (V(H)). We have shown 
that $(G) < Ng(^(TC)). Since N g (^(H)) preserves the adjoint module for ft, the 
same is true for $(G), and the claim is established. □ 

Next consider Q = 0(V) = £Aj(F) with d > 5. We assume that (/ is irreducible on 
V, i.e. if £ = 2, n is even. The adjoint module for Q is essentially A 2 (K) (if £ = 2, then 
there is a trivial composition factor when n = 2(mod4) and two trivial composition 
factors when 4|n). The proof of the previous theorem yields the following result. 

Theorem 4.4. Let F be an algebraically closed field of characteristic £ > 0. Let 
Q = 0(V) = Od(F), d > 5, and let G be a closed subgroup of Q. If £ = 2, assume 
that n is even. Assume that G is irreducible on A (V). Then one of the following 
holds: 

(i) Q(V) < G; 

(ii) £ > 0, and £lj(q) < G with q a power of I; 

(iii) £ > 0, d = 8, and ^D±(q) < G with q a power of £; 

(iv) £ 7^ 2, and G is contained in the stabilizer Jj\ : 8^ of an orthonormal basis of 
V in Q; 

(v) £ ^ 2, F*(G) = £, where £ = 2^ +2a is extraspeciai of type + and d = 2 a ; 

(vi) G is finite and nearly simple with the nonabelian composition factor not a 
Chevalley group in characteristic £. □ 

Note that the possibility (iv) arises exactly when G is imprimitive on V, cf. Propo- 
sition EHI Also, the assumption d > 5 is necessary, see the remark in p.l) of the 
proof of Proposition 13.71 

We next consider the symplectic case. If £ ^ 2, then the same argument as above 
yields: 
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Theorem 4.5. Let ¥ be an algebraically closed field of characteristic 1^2. Let 
Q = Sp(V) = Sp2 m (¥), m > 2, and let G be a proper closed subgroup of Q . Assume 
that G is irreducible on S 2 (V). Then one of the following holds: 

(i) £ > 0, and Sp2m(q) < G with q a power of t; 

(ii) F*(G) = E, where E = 2] +2a is extraspecial of type -, and 2m = 2 a ; 

(iii) G is finite and nearly simple with the nonabelian composition factor not a 
Chevalley group in characteristic i. □ 

Finally, assume i = 2 and Q = Sp(V) = Sp2 m {¥). Then the largest composition 

~ 2 

factor of the adjoint module of Q is A (V), other composition factors being the 
Frobenius twist and the trivial ones. If TC is a positive dimensional closed 
subgroup of Q, then the heart of the adjoint module for 7i is a proper subquotient for 

~ 2 

A (V) (again compute dimensions - the only case where the dimension is sufficiently 
large is the case of D n contained in C n or G2 inside C3). Now if G is contained 
in some orthogonal group 0(V), Theorem 14.41 applies. Assume G is contained in 

~ 2 

H = G 2 (F) and irreducible on A (V). A gain, if G normalizes some proper positive 
dimensional closed subgroup H\ of H, then G stabilizes the adjoint module for Hi 

~ 2 

which is a proper submodule of A (V). Thus G is a Lie primitive finite subgroup of 
Tf. In this case one can show (cf. |LiSj ) that G is as in cases (vi) or (vii) of Theorem 
14.61 Finally, if G is a finite subgroup of Q then one easily reduces to the case of nearly 
simple groups. 

Theorem 4.6. Let F be an algebraically closed field of characteristic 2. Let Q = 
Sp{V) = Sp2m{¥), m > 2, and let G be a proper closed subgroup of Q. Assume that 

~ 2 

G is irreducible on A (V). Then one of the following holds: 

(i) Sp2m(q) < G with q a power of 2; 

(ii) Q(V) < G for some quadratic form on V; 

(iii) Qf m (q) <\ G with q a power of 2; 

(iv) m = 4, and 3 -D 4 (g) < G with q a power of 2; 

(v) m = 3, and G = G 2 {¥); 

(vi) m = 3, and F*(G) = G^oO' with q a power of 2; 

(vii) G is finite and nearly simple with the nonabelian composition factor not a 
Chevalley group in characteristic 2. □ 

Notice 2 B 2 (q) is excluded as we assume d > 5. 

5. NORMALIZERS OF SYMPLECTIC TYPE SUBGROUPS 

Here we consider the case F*(G) = Z(G)E is of symplectic type, i.e. E is either 
extraspecial of odd exponent p, an extraspecial 2-group or a central product of an 
extraspecial 2-group with a cyclic group of order 4 (with the central involutions 
identified). If E is an extraspecial 2-group, we say E is of + type if E is a central 
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product of Dg's and of — type if E is a central product of Q$ and some number of 
D 8 's. 

If E is extraspecial of order p 1+2a ; then an irreducible faithful module for E has 
dimension p a and is unique once the character of Z(E) is fixed. Moreover, if E<\G < Q 
then (£, \E\) = 1 and one of the following holds, where we denote Z := Z[Q\. 

(a) p is odd, G < N := (EZ) : Sp 2a (p) and Q = GL(V); 

(b) p = 2, G < N := (EZ) ■ Sp 2a {p) and Q = GL(V); 

(c) p = 2, G < N := E ■ 0+ (2) and Q = 0(V); 

(d) p = 2, G < N := E ■ 0^ a (2) and Q = Sp{V). 

We now assume that E < G < N, \E\ = p 1+2a , d = dim(V) = p a > 4, W := ¥ 2 p a 
the natural module for N/EZ. 

Lemma 5.1. G satisfies M±(G) if and only if one of the following holds. 

(i) Q = GL(V) and G/E(Z fl G) is a subgroup of Sp2 a (p) that is transitive on 
W # := W \ {0} (such subgroups are classified by Hering's theorem, cf. |Hej . [Lij ). 

(ii) ^ = O(y) and G/E 1 is a subgroup of 0^(2) tiiat is transitive on the isotropic 
vectors and on the non-isotropic vectors ofW# (such subgroups are classified in jLij ). 

(iii) Q = Sp(V) and G/E is a subgroup of 0^" a (2) that is transitive on the isotropic 
vectors and on the non-isotropic vectors ofW# (such subgroups are classified in |L1] ). 

Proof, (i) Let (p be the Brauer character of G on -4(V) . Since I is coprime to dim(V) = 
P a i V Ie— J2xeiTv(E/z(E)) ^~^e- By Clifford's theorem, G is irreducible on A(V) if and 
only if G/E is transitive on lrr(E/Z(E)) \ {Ie}, equivalently, on . Observe that 
H := G/ZE < Sp{W) is such that WH is doubly transitive on W; such subgroups 
are classified by Hering's theorem, cf. [He], [Llj . 

(ii) Using the alternating form on W and identifying EjZiE) with W, we can 
identify Itt(E /Z(E)) with W. Then one can check that S 2 (V) and A (V) afford the 
^-characters 

^2 v i res P- 5^ v - 

v isotropic v£W#, v nonisotropic 

Now the claim follows by Clifford's theorem. Also observe that H := G/E < 0(W) 
is such that WH is an affine permutation group of rank 3 on W; such subgroups are 
classified by Liebeck |Lij . 

(iii) is similar to (ii). □ 

From now on we assume that G < N satisfies M^(Q) and aim to show that G 
fails Mq(Q) n Mg(Q). So there is no loss in assuming G = N. The following two 
statements deal with the complex case. 

Proposition 5.2. Assume i = and p a > 4. 

(i) Assume Q = GL(V). Then M 6 (N,V) - M 6 (g,V) > 2p - 5. If p = 2 then 
M 8 (N,V)-M 8 (g,V) = 6. 
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(ii) Assume p = 2, a > 4, and Q = Sp(V) or 0{V). Then M 6 (N, V) = M 6 (Q, V) 
and M 8 {N, V) - M 8 (£, V) = 20. 

Proof, (i) Observe that M := V® V* is trivial on Z, and, considered as a module over 
N/Z, it is the permutation module on W with E/Z(E) acting by translations and 
N/EZ ~ Sp(W) acting naturally. So M affords the character p := J2 v ew u ' wnere 
we again identify Itt(E/Z(E)) with W as in the proof of Lemma f5. II It follows that 
M® 3 is the permutation module on W x W x W, and that the fixed point subspace 

for ZE inside M m affords the £/Z(£)-character l E • (E„ e w> + ,+™=o l ) • 0n the 
triples (u, w, w), u,v,w G W, u + v + w = 0, Sp(W) acts with exactly 2p + 2 orbits 
if a > 1 and 2p + 1 orbits if a = 1. The orbit representatives are (0, 0, 0); (u, 0, —u), 
(u, — it, 0), (0, u, —u) with m 7^ 0; (u, Xu, (—1 — A)w) with u ^ 0, A G F p \ {0, —1}; and 
p orbits (it, f, —{u + f)) with u,v & W linearly independent and the inner product 
(u\v) = ii G F p (and /i 7^ if a = 1). Each orbit gives rise to a permutation module 
for Sp(W), so it yields a trivial character ljv. It follows that M® 3 contains ljv with 
multiplicity at least 2p + 1, while M 6 (Q, V) — 6. 

Next we consider the case p = 2 and £ = CrL(V); in particular a > 3. Then M® 4 
is the permutation module on x W x x W, and the fixed point subspace for 

ZE inside M® 4 affords the £/Z(£)-character l s • (j2u,v )W ,tzw,u+v+w+t=o X )- 0n the 
quadruples (u, w, w, t), u, v,w,t G VK, M + f + w + )f: = 0, S'p(VF) acts with exactly 

1 + 6 + 4 + 4 + 1 + 3 + 3 + 8 = 30 

orbits. The orbit representatives are (0,0,0,0); (u, u, 0, 0) with u / and 5 other 
permutations of this; (u, v,u + v, 0) with (u\v) = 1 and 3 other permutations of this; 
(u, v,u + v, 0) with (u\v) = but u 7^ v and 3 other permutations of this; (u, u, u, u) 
with h / 0; (u,v,u,v) with (w|f) = 1 and 2 other permutations of this; (u, v, u, v) 
with (u\v) = but ti/w and 2 other permutations of this; and (u, v,w,u + v + w) 
with u,v,w linearly independent and the Gram matrix of (-|-) on (u,v,w)$ 2 being 
/0 x y\ 

I x z \ , x,y,z & ¥2- Again, each orbit gives rise to a trivial character 1^. It 

\y z 0/ 

follows that M® 4 contains ljv with multiplicity 30, while Ms(Q, V) = 24. 

(ii) Finally, we consider the case where p = 2, a > 4, and Q = 0(V) or Sp(V). 
Then we can repeat the computations in (i), except that now we have to take into 
account the values of the quadratic form Q on W = Ff a . With this in mind, one can 
show that the total number of 0(H / )-orbits on the the triples (u, w, w), u,v,w G W, 
u+v+w = 0, is 1+2-3+2-4 = 15, yielding M 6 (N, V) = 15. Similarly, the total number 
of 0(iy)-orbits on the the quadruples (u, w, w, t), u, v,w,t G W, u + v + w + t = 0, is 

l + 2- 6 + 4- 4 + 4- 4 + 2- l + 4- 3 + 4- 3 + 8- 8 = 135, 

yielding M$(N, V) = 135. □ 
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Proposition 5.3. Assume t = and p a > 4. Then M 6 (Q,V) = M 6 (G,V) if and 
only if G is as described in the case (B) of Theorem 11.61 

Proof. By Proposition 15.21 we may assume p — 2. In fact the proof of Proposition 
15.21 establishes the "if" part of our claim. It also shows that, for the "only if" part, 
it suffices to prove that if H := G/Z(G)E has the same orbits on W x W as of 
M := N/Z(N)E then H > [M, M) . Since M 6 (£) implies M 4 (£), G satisfies the 
conclusions of Lemma 15.11 

First we consider the case Q = GL(V). Then M = Sp(W) and M has an orbit 
A = {(u, v) | ^ u, v e W, u ^ v, (u\v) = 0} of length (d 2 - l)(d 2 - 4)/2 on W x W, 
and the longest orbit of M on W x W has length d 2 (d 2 — l)/2. By Hering's theorem 
|Hej . |L"I] . H is one of the following four possibilities. The transitivity of if on A 
eliminates the possibilities H > G^*?)' with g 6 = 2 2a and H < TLi(2 2a ). Assume 
H > H := Sp2b(q) with q = 2 C > 2 and a = be. If 6 > 1, then if has orbits of 
different lengths d 2 — 1 and (d 2 — l)(g 2,, ~ 1 — g) on A, whence H is not semi-transitive 
on A and H cannot be transitive on A, a contradiction. If b = 1 then H is too small 
to be transitive on A. Assume H > ifo := SLb(q) with g = 2 C , 2a = 6c and b > 2. 
Then if has an orbit of length (d 2 — l)(d 2 — q) > d 2 (d 2 — l)/2 on W x again a 
contradiction. Thus H = Sp2 a (2) as stated. 

Next we consider the cases (£,e) = (Sp(V),-) or (0{V),+). Then M = 0(W). 
Assume the contrary: H ^ [M, M\. Since if has the same orbits on W as of M, the 
main result of [TI] implies that one of the following four possibilities occurs. Notice 
that Mq(Q) implies that G has an irreducible constituent of degree d(d 2 — 4)/3 on 
K® 3 . This condition excludes the first possibility H < TL 1 (2 2a ). Assume H>SU a (2). 
If 2 1 a, then we can find a primitive prime divisor of 2 a_1 — 1 [Zsj which divides 
d(d 2 — 4)/3 but not \G\, a contradiction. If a is odd, then a primitive prime divisor 
of 2 2a ~ 2 — 1 again divides d(d 2 — 4)/3 but not \G\. Assume H > 5^6(2); in particular 
e = +. Since if is an irreducible subgroup of M = Og~(2), ii = Spe(2). Now ii 
acts on W with orbits of length 1, 120 and 135, so the permutation character p of 
H on W is uniquely determined by [Atlas . Hence we can check that (p, p) = 16, 
meaning H has 16 orbits on W x W, one more than M does, a contradiction. Finally, 
assume H < iV rL3 (4)(3 1+2 ); in particular, e = — . Here the permutation character of 
M = Oq(2) on W is 3 • 1 + 6 + 15 + 2 • 20 ( [Atlasj ) . where m denotes an irreducible 
character of degree m. One can show that (\H\, 5) = 1, whence 20\h is reducible and 
so H has at least 19 orbits on W x W, again a contradiction. □ 

5.1. Case Q = GL(V). We begin with the case Q = GL(V). 
Lemma 5.4. Assume p = 2 and a > 2. Then G fails M$(Q). 

Proof. Assume the contrary. Then G is irreducible on the (/-composition factor U, 
where we c hoose U to be L{Aw x ) ~ V <8> if t = 3, and /\\V) if t > 3, cf. 
Proposition 13.131 
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Recall that G = ZE ■ S. As E is the subgroup of elements of order < 4 in ZE, E 
is normal in G, and G has only one orbit on nontrivial linear characters of E/Z(E). 
Also, Z(E) acts trivially on U, but E does not. It follows that 2 2a — 1 divides 
dim(U). If i = 3, this gives a contradiction as dim([7) = 2 2a . Assume £ > 3. Then 
dim(C7) = 2 a (2 a - l)(2 a - 2)(2 a - 3)/24. If a > 3, there exists a primitive prime 
divisor 7r of 2 2a — 1, and 7r does not divide dim([7), again a contradiction. If a = 3, 
then we compute directly that 2 2a — 1 does not divide dim(£7). □ 

Lemma 5.5. Assume p = 3 and a > 1. Tnen G is not irreducible on L{?>wi). 

Proof. Note that Z(E) is trivial on V® 3 but that E is not trivial on S 3 (V). The 
dimension of any irreducible G / Z (E)-module with acting nontrivially is a multiple 
of d 2 — 1 (since G acts transitively on the nontrivial linear characters of E/Z(E), cf. 
Lemma 15.1)1 . Assume £ = 2. Then L(3tui) ~ V <8> V^ 2 ' has dimension c? 2 , whence G 
is reducible on L(3roi). 

Assume £ > 3. Then L(3tui) = S ,3 (V) by Proposition 13.131 Let n be a primitive 
prime divisor of d — 1, cf. [Zs]. Then 7r > 3 and d = l(mod7r), hence 7r does not 
divide the dimension of S 3 (V) and so S 3 (V) is not G- irreducible. □ 

Lemma 5.6. Assume i > 3, and p a > 5. Then G fails M' S (Q). 

Proof. Assume the contrary: I > 3 but G satisfies M' S {Q). Let H = E : S with 
S := Sp 2a (p) (notice S embeds in G as p > 2). Since G = HZ, M%(Q) holds for 
H as well. Observe that the iif-module V lifts to a complex module Vq. Remark 
13.181 implies that H satisfies the condition M s (Gc) f° r Gc '■= GL(Vc)- But this is 
impossible by Proposition 15.21 □ 

Finally, we show that G fails M^(G) or M' % (Q) if t = 2, 3 and p a > 4. Assume the 
contrary. By Lemmas 15 . 41 and l5 . 51 we may assume that p > 5. Clearly, G is irreducible 
on a ^-composition factor U of V®^ +1) . We choose U to be L((i+l)wi) ~ V®V^ if 
a > 1 or if (a, £) = (1, 2), and L(2r<7i + OT2) if (a, £) = (1, 3). As in the proof of Lemma 
15.61 we may replace G by E : S. In the former case, since p > £ + 1, U j^isa direct 
sum of d = p a copies of a faithful irreducible representation say T of E. Clifford's 
theory now implies that U ~ T' <8> R, where T' is a projective G-representation with 
T' l E = T, and R is a projective S'-representation. But Mult (5) = 1, whence we may 
assume that both T' and R are linear representations. Since G is irreducible on U, 
R is irreducible over S. However, if a > 1 then S has no irreducible representation 
of degree dim(i?) = p a , cf. |GMSTj . Assume a = 1. If £ = 2, then dim(i?) = p by 
our choice of [/, and again S = SL2(p) has no irreducible 2- modular representation 
of degree p. Assume £ = 3. Then U = L(2w\ + zu 2 ) by our choice, and so dim({7) is 
p(p + 2)(p 2 — l)/8 if p < 11 and at least (p — l) 3 /8 if p > 13, cf. |Lu2j . In particular, 
dim(C7) > p{p+ 1), dim(i?) > p+ 1 and so i? cannot be irreducible over S = SL 2 (p), 
a contradiction. 
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5.2. Case Q = Sp{V) or 0(V). Now we deal with the case Q = Sp{V) or 0(V). In 
particular p = 2, a > 3, and G = E ■ S (and the extension is nonsplit). We claim that 
G fails Mg(^). Assume the contrary. Then G is irreducible on the ^-composition 
factor U of V m } where we choose U to be L(4ro x ) ~ V ® K (3) if £ = 3, S 4 (l/) if £ > 3 
and = Sp(V), A 4 {V) if £ > 3 and Q = 0(V) but dim{V) > 8, and L{Awx) if £ > 3, 
£ = 0{V) and dim(V) = 8. This choice is possible because of Proposition I3.13f ii). 
(iii). In all cases, Z(E) acts trivially on U but E does not. 

First we consider the case Q = Sp(V). By Lemma 15.11 G has two orbits on 
hr(E/Z(E)) \ {1 E }, of length n x := d(d + l)/2 and n 2 : = (d - 2)(d + l)/2, where 
d = dim(y) = 2 a as usual. By Clifford's theorem, dim(C7) is divisible by n\ or 
n 2 . However, this is impossible if £ = 3 as dim(C7) = d 2 . Assume I > 3. Then 
dim(£7) = d(d + l)(d + 2)(d + 3)/24, and again dim(C7) is not divisible by n% nor by 
n 2 . 

Next let g = 0(V). By Lemma O G has two orbits on Itt(E/Z(E)) \ {1 E }, of 
length m := d(d - l)/2 and n 2 := (d + 2)(d - l)/2. By Clifford's theorem, dim(f/) 
is divisible by ni or n 2 - However, this is impossible if i = 3 as dim([7) = d 2 . Assume 
£ > 3 and d > 8. Then dim(U) = d(d - 1) (d - 2) (d - 3) /24, and again dim(C/) is not 
divisible by ni and by n 2 . Finally, assume £ > 3 and d = 8. Then dim([7) = 293 or 
294 (cf. |Lu2j ) . and n\ = 28, n 2 = 35, again a contradidiction. 

We have proved 

Theorem 5.7. Assume G < Q satisfies M'^Q) and F*(G) = Z(G)E is a group 
of symplectic type with \E\ = p l+2a . Assume in addition that p a > 5. Then G 
satisfies one of the conclusions (i) - (iii) of Lemma 15.11 Moreover, G cannot satisfy 

M' & {g)nM' s {g). □ 

We finish this section with the following statement 

Proposition 5.8. (i) Let G = (Z 4 * 2 1+2n ) • Sp 2n (2) be embedded in Q = GL(V) 
with V = F 2 " and n > 3. Assume in addition that (£, 2 2n — 1) = 1. Then G satisfies 
M 4 (£)nM 6 (£). 

(ii) Let H = 2\ +2n ■ 0\ n (2) be embedded in H = 0{U) for e = + and in H = Sp{U) 
for e = — , where U = C 2 ™. Assume n > 3. Then H satisfies M^iTi). 

Proof, (i) Notice that V lifts to a complex module U. Our strategy is to decompose 
the modules £/® 3 and U® 2 ® U* over G, and then reduce modulo £. Let d = 2 n , 
E := 02(G) and = GL(U) as usual. By Lemma [5.1 1 G satisfies M^Q) and so it 
is irreducible on A(U), S 2 (U), and A 2 (U). 

1) Let X be any irreducible constituent of the G-module U® 3 . Inspecting the action 
of Z(E) on X, we see that X [e is a direct sum of some copies of U* [e- Clearly, 
U* |s is irreducible and extends to G. Hence by Clifford's theory X ~ U* <S> T for 
some S'-module T, where S := G/E. Since we are considering complex modules, the 
same conclusion holds for any G-submodule of U® 3 . Similarly, any G-submodule of 
U® 2 ® U* can be written as U <8> T for some S'-submodule T. 
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2) Over G c we have U® 3 = S 3 (U) © A 3 (U) © 2L, where L := L(w l + w 2 ). Next, 
{U® 2 © U*, U) = (U® U*, U ®U*) = 2, both over G and Q c . Also, U® 2 © £7* has 
^-submodules M := L(2g7i + zu^-i), N := L(tj7 2 + w d-i)- Hence over Q we have 
U m ®U* — M ® N @ 2U. 

Applying 1) to the summands of these two decompositions, we get S 3 (U) Ig= 
U*®T U A 3 {U) l G = U* © T 2 , L l G = U* © T 3 , M [ G = U ® T 4 , and iV | G = U © T 5 for 
some S'-modules Tj. Observe that 

(5.1) {U® 3 , U*) G = (U®U,U*® U*) g = {S 2 {U) © A 2 {U), S 2 {U*) © A 2 {U*)) G < 2. 

It is easy to see that dim(Tj) < 2 2n — 2 n+1 for all i. According to [GTlJ, S has exactly 
6 irreducible complex modules of dimension < 2 2n — 2 n+1 , namely, the trivial one, 
the so-called unitary Weil modules a n , f3 m ( n , and linear Weil modules p\, p 2 n . Here, 
dim(/3 n ) = dim(Tx) = (2 n + l)(2 n + 2)/6, dim(a n ) = dim(T 2 ) = (2 n - l)(2 n - 2)/6, 
dim(Cn) = dim(T 3 ) = (2 2n - l)/3, dim(pi) = (2 n + 1)(2™- 1 - 1), and dim(p 2 ) = 
(2 n - l)(2 n ~ 1 + 1). In particular, 

(5.2) dim(p^) + dim(p 2 ) = dim(T 4 ) + dim(T 5 ). 

Keeping (15. 1|) in mind, we can easily deduce that T 2 = a n , T\ = (3 n and T 3 = ( n . 
Thus we have shown that G satisfies the condition Mq(Qc), i-e. M$(G, U) = 6. This 
in turn implies that T4 and T5 are irreducible. Also notice that 

(U® 3 , U® 2 © U*) G = (U®\ U® 2 ) G = 

since Z(E) acts trivially on U® 4 but not on U® 2 . In particular, T4 and T5 are not 
isomorphic to a n , (3 n , and ( n . This observation and ()5.2j) imply that {T 4 , T 5 } = 

{Pn>Pn}- 

3) Finally, assume (£, 2 2n — 1) = 1. Then all Tj's are irreducible modulo £, according 
to |GT1[ Cor. 7.5, 7.10]. It follows that G is irreducible on L, M, and N, whence G 
satisfies M${Q). 

(ii) This has been proved in Propositions 15.21 and 15.31 □ 
Proposition I5.8( ii) has also been proved in [NRSj by different means. 



6. Nearly Simple Groups. I 

In this and the two subsequent sections we consider the finite subgroups G < Q 
that satisfy the condition M' A {Q) and have a unique component S. Then S is quasi- 
simple and S := S/Z(S) is simple. Let x denote the Brauer character of G on V and 
let M := Z{G)S. Assume d := dim(V) > 3 if Q = GL(V) and d > 5 if Q = Sp(V) 
or 0{V). 

We begin with a simple observation which reduces some computations on G to 
those on M: 
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Lemma 6.1. Under the above assumptions, 

(i) (G : M) < | Out (S) | <_|Out(£)|; 

^ (ii) (G : C G {Z)) < \Out{S)\-{S : C S (Z)) and (G : N G (Z)) < |Out(5)|-(5 : N S (Z)) 
for any Z < S. 

(iii) For any nontrivial composition factor X of the Q -module V <8> V* , X { S 
is a direct sum of at most (G : M) irreducible constituents of same dimension. In 
particular, if G = M then S also satishes M'±(Q). 

Proof, (i) Clearly S<G, so we get a homomorphism ir : G —>■ Aut(S') with Ker(7r) = 
Cq(S). By Proposition ^. 71 S is irreducible on V, whence Cq(S) acts scalarly on V by 
Schur's lemma. Since G is faithful on V, it follows that Cg{S) = Z[G) and 7r embeds 
G/Z(G) in Aut(5). Also, Z(G) n S = Z(S), so tt maps Z(G)S/Z(G) ~ 
isomorphically onto Inn(S'). Thus 

G/M ~ (G/Z(G))/(Z(G)S/Z(G)) < Aut(5)/Inn(S) < Out (5). 

A standard argument shows Out (5) embeds in Out (S). 

(ii) Since C M (Z) = Z{G)C S {Z) and Z(G) nS = Z{G) n C S (Z) = Z{S), we have 

|G| \G\ (G : M) ■ \Z(G)S\ _ (G : M) ■ \S\ |Out(g)| • |5| 

lCb(Z)| " |C M (Z)| " |Z(G)C S (Z)| ~ |C S (Z)| " |C S (Z)| ' 
Similarly for Nq{Z). 

(iii) is clear, since M = Z(G)S and Z(G) acts scalarly on A. □ 

The next observations are useful in dealing with nearly simple groups: 

Lemma 6.2. Let H < GL(V) such that ¥* ■ G = ¥* ■ H, where ¥* = Z(GL(V)). 
Let W be any Q-composition factor ofV® k <g> (V*)® 1 . Then G and H both act on W 
(although H may not necessarily be contained in Q). Moreover, if G is irreducible on 
W then so is H. 

Proof. G acts on W as G < Q. Next, F* acts (scalarly) on V and on V*, so it also 
acts scalarly on V® k <8> (V*)® 1 . In particular, F* acts scalarly on W . This implies 
that H acts on W, and moreover H is irreducible on W if G is irreducible on W . □ 

Lemma 6.3. Assume V = ¥ d with d > 5 and G < Q < GL(V). Assume there is a 
subgroup H < GL{V) such that ¥* ■ G = ¥* ■ H (where ¥* = Z{GL{V)) and V [ H 
is self-dual. Then one of the following holds: 

(i) V l G is self-dual and Q + GL(V); 

(ii) Both Mi(G) and M 6 (<?) fail for G. 

Proof. By way of contradiction, assume (ii) fails but Q = GL(V). 

1) First suppose that M'JyQ) holds for G. The if -module V ® V* has subquotients 
S 2 (V), A 2 (V) ]££^2, and A 2 (V) (twice), if £ = 2. It follows that H is reducible 
on A(V), whence G is reducible on *4(V) by Lemma [6.21 a contradiction. 

2) Next we suppose that M 6 (Q) holds for G. 
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By Lemma T3.121 A 3 (V) is (/-irreducible. If £ ^ 2 and V [h is of type — , or if 
I — 2, then the contraction map projects the ^/-module A 3 (V) onto V, hence A 3 (V) 
is reducible over H and so over G as well, contrary to the condition Mq(Q) for G. 

Assume t ^ 2 and V [ H is of type +. Then H < H := 0(V). Let W be 
the irreducible (/-module of highest weight w\ + w 2 inside V® 3 . By jS21 (8.1)], W 
is reducible over TC (if d = 6 we consider 7i as having type A3). Therefore W is 
reducible over H and over G, again a contradiction. □ 

Notice that, in the modular case M 2 k{Q) does not imply M 2 ^_ 2 (^); in particular 
M A {Q) may fail for some groups satisfying M 6 (Q). 

Next we show that the situation where the G- module V is not self-dual but V Is 
is self-dual can rarely happen. 

Lemma 6.4. Assume G < Q satisfies M'±(Q), d > 2, and S = E(G) is quasi-simple. 
Assume V Is is self-dual, but either the G-module V is not self-dual or Q = GL(V). 
Then 

(i) Any S-composition factor of A(V) has dimension < d + 1; 

(ii) |Out(S)| > d- 1. 

Proof, (i) By the assumptions Q = GL(V), and M' 4 (Q) implies that G is irreducible 
on A(V). Let e be the common degree of S-composition factors of A(V). Observe 
that (V (8) V*) ls~ V® 2 is- 

Assume t = 2. Then K (2) is a subquotient of V® 2 and it is irreducible over S as S 
is irreducible on V by Proposition 13.71 But d > 2, so is an ^-composition factor 
of .400. Th us e = d. 

Assume £ ^ 2. Then K® 2 = S' 2 (V) © A 2 (V). Counting the dimensions of S- 
composition factors in S 2 (V), A 2 (V), and A(V), we see that d(d + l)/2 = me + x 
and d(d — l)/2 = ne + y for some nonnegative integers m, n, x, y and x + y < 2. In 
particular, d + y — x = (m — n)e. As d — 1 < d + y — x < d + 1, we get m > n and 
e < d+ 1. 

(ii) Clearly, M fixes every S-composition factor of A(V). Hence by Clifford's 
theorem and Lemma FTTTi). |Out(5)| > (G : M) > dim(4(V))/e > (rf 2 -2)/(rf+l) > 
d — 2, as stated. □ 

Most of the times, we will apply Propositions 13. Ill and 13.171 to C = Cq(Z) and 
iV = Nq(Z) for a suitable cyclic ^'-subgroup Z < G (so N/ C is abelian). In this setup, 
V [c= ©* =1 V7, where V( is the Aj-eigenspace for Z and the spectrum Spec(Z, V) of 
Z on V contains exactly t pairwise distinct characters Ai, . . . , A t . Once we are able 
to apply Proposition 13.111 we will have X(V) ^ A f G, and so the following key 
inequality holds: 



(6.1) 



1 / 17 
d<- + ^2(G:N) + - 
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In the rest of this section we treat the case S = A n with n > 8. The cases 
8 < n < 13 can be checked directly using [At las j and [JLPWj . so we will assume 
n > 14 in the following analysis. 

Case 1: £ ^ 3. Choose Z = (c) ~ Z3, where c is an inverse image of order 
3 of a 3-cycle in S. Since Z £ Z(G), |Spec(Z,V)| > 2. If |Spec(Z,V)| = 3, 
then we label the A»'s such that Ai = lz and set V\ = V[, V2 = V{ © V^'. This 
ensures that Homc(Vi, V2) = (as it is so over Z). Assume |Spec(Z, V)\ =2. Then, 
according to jWalj . £ 7^ 2, S = A n is the double cover of A n , V j S is a basic spin 
module, and A 2 = Ai 7^ 1^. Setting Vi = V/, we see that V 2 — V* as C-modules, 
provided that V = V* as ^-modules. Thus in all cases the assumptions of either 
(i), or (ii), or (hi) of Proposition 13. Ill are fulfilled. Hence there is a 1-dimensional 
FN-module A and X G {A,S 2 ,A 2 } such that X(V) ^ A | G. By Lemma O 
(G : N) < n{n - l)(n- 2)/3. Hence (jHHJ) implies 

(6.2) dim(V) < (n-2)(n-3)/2 
if n > 9, and 

(6.3) dim(V) < n(n - 3)/4 < 2 [(n - 3)/2] 
if n > 15. 

Assume n > 15. According to [KTj, the dimension of any faithful A n -module is 
at least 2^ n ~ 3 ^ 2 l Hence (Q implies that S 1 = A n . Applying (Q and [J, Thm. 7] 
we see that V | S is a composition factor of the irreducible F§ n -module labelled 
by an ^-regular partition fi G {(n — 1, 1), (n — 2, l 2 ), (n — 2,2)}. Since dim(V) > 
{n 2 - 5n + 2)/2 for n=(n-2,2) or (n - 2, l 2 ), we get \i = (n - 1,1). If (£,n) = 1 
and £ ^ 2, then 5 2 (y) J, S 1 contains irreducible constituents D^ -1 ' 1 ^ and D^ 2,2 ^ by 
[MM, Lemma 2.1] which are not G-conjugate, contrary to Lemma I6.1f ni). So £\n or 
£ = 2. This case can indeed happen, see (MM, Table 2.1]. 

Assume n = 14. Then ()6.1|) implies d < 38. Using HMJ one can show that 
either S = A i4 and V ls= D^ 13 ' 1 ^, or S = A14, £ = 7, and d = 32. Suppose 
we are in the latter case. Then G = Z(G)S by |KTj . so we may replace G by S 
by Lemma 16.11 Consider an inverse image g of order 3 in S of a 3-cycle. Then 
C := Cs(g) — An x (d)- By Proposition 13. lTl there is an X G {.A, A 2 ,S 2 } such that 
-X"(V) lc T 5 1 . Observe that lc T 'S' is trivial on Z(S), and as an S'/Z(S)-module 
it equals 1a 1iX a 3 T A i4 = W |a 14 , where H 7 := ls u xA 3 T §14- Observe that W has a 
subquotient ls n xs 3 T §14 of dimension 364 which is dim(H / )/2. It follows that any 
composition factor of the §i4-module W has dimension < 364. On the other hand, 
dim(X(V)) > (32 • 31)/2 - 2 = 494, a contradiction. 

Case 2: £ = 3. Choose Z = (c), where c is an inverse image of a double trans- 
position in S, and set Vi = V(. If S = A n , then c 2 = 1 and c ^ Z(G), whence 
Spec(c, V) = {1, -1} and Hom c (V 1 , V 2 *) = 0. If S = k n , then c 2 = -1 and c i Z(G), 
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whence Spec(c, V) = {i, — i}, and Vj. — V£ if V — V* as ^-modules. Thus in all cases 
the assumptions of either (i), or (ii), or (iii) of Proposition 13. Ill are fulfilled. Hence 
there is a 1-dimensional FA-module A and X e {A, S 2 , A 2 } such that X(V) A | G 
and X(V) ^ If f G. Observe that if G = M then we may assume G = S by Lemma 
I6.1f iii). and C/Z{G) contains A n _ 4 , so by Proposition I3.11I X(V) <^-> 1a„_ 4 T A n , i.e. 
the conclusion of |MMt Lemma 2.4] holds. 

Assume n > 15 and S 1 = A n . One can check that (G : N) = n(n— l)(n— 2)(n— 3)/8. 
Therefore, (|6.1|) implies that d < 2t( n ~ 2 ~' tn )/ 2 ] unless n = 15, 18, where K n — 1 if 3\n 
and otherwise. On the other hand, the dimension of any faithful FA n -module is at 
least 2[ (n ~ 2 ~ K ")/ 2 l by |KT| . Hence n = 15 or n = 18. If G = M, then we may assume 
G = S by Lemma fcj.lf iii) and get a contradiction by [MM, Prop. 2.5]. Assume 
G > M. If n = 18, then (|6.1|) implies d < 136, meanwhile the dimension of any 
faithful FG-module is at least 2^ 18 ~ 1_Kl8 ^ 2 ] = 256 by [KTJ, a contradiction. Assume 
n = 15. Then (|6.1j) implies that d < 91. Restricting to the subgroup £> = A13 
inside A and using |.ILPWj , we see that all irreducible constituents of V Ib are basic 
spin, whence V Is is basic spin by |KTj . and d = 64. Since C/Z(G) contains § n _4, 
X(V) 1§„_ 4 t Sn by Proposition 13.111 Now we can get a contradiction as in the 
proof of pMl Prop. 2.5]. 

Assume n = 14 and S 1 = A14. Then (16. 1|) implies d < 78, whence d = 64 and 

V Is is the reduction modulo 3 of a (unique) basic spin complex module by |KTj . 
In particular, V Is is self-dual and rational- valued. This implies by |JLPWj that 

V has exactly two composition factors, nonisomorphic and both of type — . The 
latter in turn implies that V Is is of type — . By Lemma IB~H V is also self-dual as 
a G-module, whence V has type — and Q = Sp(V). So S 2 (V) is irreducible over 
Q, Z(G) = Z(S), and G = S or S14. The proof of Proposition l3.1lH ii) shows that 
S 2 (V) ^ W := l c T G. Since C > Z(G) and C/Z(G) > G/Z(G) n A 10 , W is 
trivial on Z(G), and c — > (1§ 10 | S14) | G/Z{G) as G/Z(G)-modules. The largest 
(complex) constituent of l 8l0 T §14 has degree (14 ■ 12 ■ 11 - 9)/8 = 2079 (see [MMl p. 
174]). On the other hand, &i\n(S 2 (V)) = (64 • 65) /2 = 2080, a contradiction^ 

Assume n > 14 and S = A n . By Proposition 13.111 X(V) 1q 1 G. In particular, 
all ^-composition factors of X(V) are inside 1a„_ 4 T A n , (as (G : C) — (S : Cs(Z)) 
here), i.e. the conclusion of |MJVH Lemma 2.4] holds. Now we appeal to |MJVH Prop. 
2.5] to get 3\n and V Is is labelled by (n — 1,1). Since V is is of type + and 
|Out(5)| = 2 < d - 1, V is of type + by Lemma I6~4l whence < Z 2 . 

We have proved 



Theorem 6.5. Assume G < Q, G satisfies M' A {Q) and S := E(G) ~ A„ or A n . 
Assume in addition that n > 8. Then one of the following holds. 

(i) Either £\n and d = n — 2, or£ = 2 and d = n — 1. Furthermore, S = A n , 
Z(G) <Z 2 , S < G/Z{G) < Aut(S), and V | 5 is labelled by (n - 1, 1). 
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(ii) S = A 9 , £ ^ 3, and d = 8. Furthermore, S = A 9 if £ ^ 2 and S = A 9 if £ = 2. 

□ 

Proposition 6.6. Assume G < Q satisfies M' A {Q) with S := E(G) ~ A n , n > 5. 
Assume d > 4 arid V Is JS labelled by (n — 1,1). Assume furthermore that either l\n 
or £ = 2. Then G cannot satisfy M' Q {Q) when £=£3, and M'^Q) when £ = 3. 

Proof. 1) We construct a group H G {A n ,S>„} as follows. If G = Z(G)S, then set 
H := S. Otherwise G induces all automorphisms of S by Lemma lUTTT i) . In particular, 
there is t G G whose conjugation on S = A n is the same as the conjugation by a 
transposition in S n . Then t 2 G Cg{S) = Z{G) < F* (see the proof of Lemma l6.1|) . 
But F is algebraically closed, so there is v G F* such that v 2 = t 2 , whence r 2 = 1 for 
T ■= ti/- 1 . Setting H = (S, r) we see that H ~ S„ and F* • G = F* • If. Also denote 
H' = [H, H] ~ A n . 

2) Assume £ = 2. Then W := L(3o7i) ~ V^V^. In this case, W l H ,~ U W (2) ^ 
U ®U contains l/f7, and so W |jj is reducible, whence G is reducible on W. 

Similarly, let £ = 3. Then G and so H is irreducible on the ^-composition factor 
W := L(4wi) ~ y ® y( 3 \ But »"| ff ~P8 C/® ~U®U contains 1 H ,, and so 
W Ih is reducible, whence G is reducible on W . 

3) So we may now assume £ > 3. The cases 5 < n < 11 can be checked directly 
using |Atlasj and |JLPWj . so we assume n > 12. Assume G satisfies M' & {Q). Then 
G is irreducible on the ^-composition factor W of y 03 with W [g>= L{?>wi). By 
Lemma f6 .21 H is also irreducible on W. 

We are given that V Is is labelled by (n — 1,1). One can show that there are 
(at most) two extensions of V is to H, the deleted permutation module which we 
will denote by U, and U <8> sgn, where sgn is the sign representation of S n . Since 
S 3 (U <S> sgn) ~ S 3 (U) ® sgn, there is no loss to assume that V Ih— U. 

We may consider U as the deleted permutation module for K := § n . Consider 
the subgroup = § 3 x § n _ 3 of It is easy to see that U [n= A® B, where 
A is the deleted permutation module for S 3 (and S n _ 3 acts trivially on A), and B 
is the deleted permutation module for § n _ 3 (and § 3 acts trivially on B). Notice 
that S 3 (A) = A © 1§ 3 © sgn. Hence S 3 (U) J. jv contains the direct summand 1^. It 
follows that ^ Ilom N (S 3 (U) } 1 N ) ~ Ilom K (S 3 (U),l N | K). Consider a nonzero 
map / G Hom^(S 3 (r/), ljy f K). 

HQ = GL(V) or 5p(y), then W = S 3 {V) by Proposition EH If Q = 0(V) 
then dim(VK) is bounded below by Proposition 13.161 Thus in all cases we have 
dim(L(3t*7i)) > n(n— l)(n— 5)/6, where the right-hand side equals dim(S ,n ~ 3,3 ) and so 
it is an upper bound on the dimension of irreducible constituents of ljv T K- It follows 
that W Ker(/) as H is irreducible on W . But / ^ 0, hence £ = O(y), and all 
composition factors of S 3 (U)/ Ker(f) have dimension equal to dim([7). This implies 
that either U or U ©sgn embeds in 1 N ^ K, whence ljy enters U jjv or (?7©sgn) |jy. 
This conclusion contradicts the decomposition U [n= A® B mentioned above. □ 
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7. Nearly simple groups. II 

In this section we continue to treat the nearly simple groups and assume that S is a 
finite quasi-simple group of Lie type, defined over a field ¥ q of characteristic p ^ £, and 
that S is not isomorphic to any of the following groups: L 2 (q) with q — 5, 7, 9, 11, 13, 
L 3 (4), SL 4 (2) ~ Ag, U 3 (q) and f/ 4 (g) with g = 2,3, U 6 (2), Sp A {2)' ~ A 6 , Sp A (A), 
Sp 6 (2), n r (3), Q+(2), 2 5 2 (8), G 2 (g) with g = 3,4, F 4 (2), 2 F 4 (2)', 3 L> 4 (2), and 2 E 6 (2) 
(they are included in U 3 =1 £j). Hence 5* is a quotient of §, the corresponding finite 
Lie-type group of simply connected type. We will write q = p* and denote by X>{S) 
the smallest degree of faithful projective FS'-representations. Lower bounds for d(S) 
were given in |LS| ISZj . 

7.1. Some generalities. We will apply Proposition 13. Ill to C := Cg{Z) and N : = 
Ng(Z), where Z is a long-root subgroup. This choice is justified by the following 
statement: 

Proposition 7.1. [MMTj Cor. 2.10] Let G be a universal-type quasi-simple finite 
group of Lie type defined over ¥ q , q = p* , and Z a long-root subgroup of G. Let F 
be an algebraically closed field of characteristic i ^ p and V a nontrivial irreducible 
WG-module. Then either 

(i) Spec(Z, V) contains at least two distinct characters which are not dual to each 
other, or 

(ii) G G {SL 2 (5), SU 3 (3), S Pi (3)}. □ 

Proposition 17.11 implies that Spec(Z, V) contains at least two distinct characters, 
say Ai and A 2 , which are not dual to each other. Write V\z — V\ © V2, where V% can 
afford only Z-characters Ai and Ai, and V 2 affords only the remaining Z-characters. 
Then clearly V\ and V 2 are C-stable, and they satisfy the assumptions of (i) and (ii) 
of Proposition 13. Ill Thus there is X e {^4, S 2 , A 2 } and an 1-dimensional FiV- module 
A such that X(V) A | G; in particular, (|6.1|) holds. 

Next we record the following refinement to Lemma fo. If ii): 

Lemma 7.2. Under the above assumptions, assume that S is not of types B 2 or F 4 
ifp = 2, and type G 2 if p = 3. If Z < S is a long-root subgroup, then [G : N G (Z)) = 
{S:N S {Z)). ' 

Proof. Let Q be the set of long-root subgroups in S. Since S is transitive on Q, 
|0| = (S : Ns(Z)). Hence it suffices to show that Z 9 e Q for any g G G. Since S <G, 
it suffices to show that cr(Z) G Q for any a G Aut(S'). Any such a a is a product of 
inner, diagonal, graph, and field automorphisms. 

The case S is of type 2 A 2 may be checked directly. So we may assume that S is 
not of type 2 A 2 , and let Z = {x Q (t) \ t G ¥ q } for some long root a. Also, if S is of 
type 2 B 2 , 2 G 2 , or 2 F 4 , then Out(S') is generated by a field automorphism. 
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The claim is obvious for inner automorphisms. If a is diagonal, then we may 
assume that a : x a (t) x a (f(t)) for some / : ¥ q — > ¥ q and so <r(Z) = Z. If a is a 
field automorphism, then we may assume a : x a (t) i— > £ Q (C) for some 7 G Aut(F g ), 
so <j(Z) = Z. Finally, assume that a is a nontrivial graph automorphism. Then S 
is of type A n , D n , or E§. For the last two types, we may choose a to be fixed by 
cr, whence cr(Z) = Z. If S is of type A n , then we may assume that a is induced by 
the map X 1— > t X^ 1 on SL n+ i(q), and so it is easy to check that o~{Z) = Z for some 

Zen. □ 

7.2. Non-generic case. In this subsection we consider the non-generic case, that 
is, S is of types B 2 , F4 if p = 2, or type G 2 if p = 3. 

Assume S = Sp±{q) with q = 2*. Then (G : N) < \Out(S)\ ■ {S : N S (Z)) = 
2/(<? 4 — !)/(<? — 1) by Lemma IHTT1 If q > 8, then implies d < q(q — l) 2 = 

0(5), a contradiction. Assume q — 4. Then implies d < 26. According to 

|Atlas| IJLPWj . dim(V) = 18 (as we assume £ 7^ 2). This case is completed in the 
following Proposition, which shows in particular that M^(Q) may hold for nearly 
simple groups but not for their generalized Fitting subgroups: 

Proposition 7.3. Assume G < Q satisfies M' A {G) with S := E(G) ~ Sp 4 (A). Then 
G is the unique group determined by 

(i) G is a non-split extension of^xS by Z4, and 

(ii) G/Z{G) ~ Aut(5). 

Furthermore, I 7^ 2, 3, and is any of two self-dual irreducible representations of G 
of degree 18. Conversely, if G, V,£ are as described, then G < Q = 0(V) satisfies 
M' A {Q), but it fails both M' G {Q) and M' 8 (Q). Finally, if E{G) = Sp A (4) then G cannot 
satisfy M 6 (Q) nor M&Q). 

Proof. 1) Assume E{G) = S = 5 , |?4(4) and G satisfies M' 4 (Q). We have shown above 
that d = 18. In particular, V lifts to a complex module Vc, and V Is is uniquely 
determined. Inspecting |Atlas| IJLPWj . we see that A 2 (V) is irreducible over S. On 
the other hand, if £ = 3 then S 2 (V) Is contains irreducible constituents of degree 
34 and 50, contrary to Lemma IbMf ni). So £ 7^ 3. In this case, S 2 (V) Is has 
exactly two irreducible constituents say A and B, both of degree 85, which extend 
to S ■ Z 2 but fuse under Aut(S'). Hence G/Z{G) — Aut(5). Since V Is is of 
type + and |Out(5)| = 4 < d — 1, V is of type + by Lemma IB~41 In particular, 
|Z(G)| < 2. Observe that Aut(S') cannot be embedded in G, since Aut(S') has no 
self-dual irreducible representations of degree 18. It follows that Z(G) = Z 2 and G 
is a non-split extension of Z 2 X S by Z4. 

Conversely, suppose G satisfies (i) and (ii). Then we can construct G as follows. 
Let H = Aut(S') = (H, x) where x is an element of class 4F in the notation of [Atlasj . 
Embed H in GL(V C ) with Vc = C 18 , and set G = (H,y) with y = exp(vri/4)a;. If x 
is the character of G on Vc, then direct computation shows that x = X- Since x is 
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is of type +, x itself is of type +. As we mentioned above, A 2 (x) is irreducible over 
S. Furthermore, S 2 (x) is irreducible, since G fuses the two irreducible constituents 
of S 2 (x) is- Thus G satisfies M' A {Q) for Q = 0(Vc). The same picture holds when 
we reduce Vc modulo £ ^ 2, 3. Also, the same happens if we replace x by the 
other (faithful) real extension of x is to G. Furthermore, A 4 (x) has degree 3060, 
so G cannot be irreducible on A 4 (V), whence M' 8 (Q) fails for G by Proposition 13.131 
Finally, the composition factor L(3zui) of the (/-module S 3 (V) has degree 1104 if 
I = 5 and 1122 if I > 5, cf. |Lu2j . It follows that G cannot be irreducible on this 
subquotient, whence M' & {Q) fails for G. 

2) Assume E(G) = 5p 4 (4) and G satisfies M 6 (Q) or M^(Q). From jMas] we see 
that any irreducible FG-module has dimension < 1020. If d := dim(V) > 22, then 
y®3 con t a i ns ^-composition factors of degree at least 1320 by Lemma f3. 121 whence 
Mq(Q) fails. Similarly, if d > 18 then V® 4 contains ^-composition factors of degree 
at least 2016 and so M%(Q) fails. Assume d < 21. Then d = 18. According to |Lu2j . 
the ^-composition factor L{w\ -\-W2) has dimension > 1104 and so it is G-reducible. 
Thus M 6 (g) and M' & {Q) fail for G. □ 

The trick of adding the center Z 2 in the proof of Proposition 17.31 is also used to 
construct the subgroups (2xZ7 3 (3))-2 in Sp 6 (C) and (2x[/ 5 (2))-2 in S'pio(C) recorded 
in Table I. 

Next assume S = G 2 {q) with q = 3 / > 9. Then (G : N) < |Out(S)| • (S : 
N S (Z)) = 2f{q 6 - l)/(q - 1), whence (jHHj) implies d < q 2 (q 2 + 1) < 5(5) (cf. jHj), a 
contradiction. 

Assume S = F A (q) with q = 2* > 4. Then (G : N) < \Out(S)\ ■ (S : N S (Z)) = 
2f(q 12 - l)(g 4 + l)/(q - 1), whence JSHJ) implies d < g 7 (g 3 - l)(g - l)/2 < 5(5), a 
contradiction. 

7.3. Generic case. In this subsection, we consider the generic case, i.e. the quasi- 
simple Lie- type group S = E(G) is not of types B 2 or F 4 if p = 2, and type G 2 
if p = 3. Then Lemma 17.21 and (|6.1|) imply that dim(V^) satisfies 1)6.1)1 . The proof 
of jMMT) Thm. 3.1] may now be repeated verbatim, and it shows that one of the 
following holds: 

(*) S_= PSp 2n (q), q = 3, 5, 7, 9, K | s is a Weil module of degree (q n ± l)/2; 

5 = I7 n (g), g = 2,3, and 1/ | 5 is a Weil module of degree (g n + g(-l) n )/(g+ 1) 

Or (g«-(-l)n)/(g+l); 

(***) 5 = fl± (2), ^(3), F 4 (3), E 6 (2), 2 E 6 (2) 2 E 6 (3), E 7 (2), or E 8 (2). 

We mention right away that the proof of jMMTl Thm. 3.1] gave a specific way to 
deal with quasi-simple groups S = £lf n (2). This way also applies to the nearly simple 
groups G with E(G) = S = fl 2n (2), and shows that G cannot satisfy M' A (Q). Now 
we proceed to deal with the remaining cases individually. 
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7.3.1. Symplectic groups. Assume S = PSp2 n (o) with n > 2, and q = 3,5,7,9. 
Notice that V lifts to a complex module Vc in this case. Since V is not stable under 
the outer diagonal automorphism, G cannot induce this automorphism on S. It 
follows that G = M if q 7^ 9 and (G : M) < 2 if q = 9. This in turn implies by 
Lemma Ib.lf iii) that X(V) Is is the sum of 1 or 2 irreducible constituents of same 
dimension, for X E {S 2 , A 2 }. 

First we consider the case q = 9. Since |Out(S')| < 4 < d— 1 and V Is is self-dual, 
V itself is self-dual. Suppose that d = (9 n + l)/2. Then the proof of |MTT1 Prop. 
5.4] shows that S 2 (V C ) |<?= 1<? + a + /3, with a, /3 & Irr(S) and a(l) = (9 2n - 1)/16. 
This implies that the S'-module S 2 (V) has a composition factor of degree < a(l) < 
dim(S 2 (V))/2, a contradiction. Next suppose that d = (9™ — l)/2. Then the proof 
of jMTTl Prop. 5.4] shows that A 2 (V C ) is= Is + 7 + S, with 7, 5 e Irr(S') and 
7(1) = (9 n + l)(9 n — 9)/16. This implies that the S'-module A 2 (V) has a composition 
factor of degree < 7(1) < dim(A'(V))/2, again a contradiction. 

From now on we may assume that q < 9 and replace G by S by Lemma l6.1f iii). 
The case q = 7 is excluded by |MT1| Prop. 5.4]. If q = 3,5, then G satisfies M' A {Q) 
at least in the case i = 0, see MTl] Prop. 5.4]. We will show that G cannot satisfy 
the condition M%(Q) if i 7^ 2, 3. Assume the contrary. By Lemma lb. 21 S also satisfies 
Mg((/) and we may replace G by S. 

Suppose q = 5. Then V j c = ^©.B©^*, where A = Ker(c-l), 5 = Ker(c-e) has 
dimension 5 n_1 for Z = (c), and e G F* has order 5. Now if I 7^ 2, 3 then Proposition 

EHTT in yields A 5 "^ 1 )/ 2 ^ < {S:C) = (5 2n - l)/2, a contradiction. For £ = 2,3, 

observe that V™> ~ V, where V is another Weil module of same dimension. By 
[MTl , Prop. 5.4], (V © V) Is is reducible. Hence for the ^-composition factor 
W := L{{£ + l)tJ7i) of we have | s = (V © V^) (V © V) [ s is 

reducible. 

Suppose q = 3 and n > 3. Then Vc lc— A ® B, where A = Ker(c — 1) has 
dimension (3 n_1 ± l)/2, B = Ker(c — e) has dimension 3 n_1 for Z = (c), and e G F* 
has order 3. Also, V is not self-dual. Now if t 7^ 2, 3 then Proposition 13 -17( i) implies 

that either ± + < (S : C) = (3 2n - l)/2, or A(V C ) enters l c | 5 with 

multiplicity > 2. The former cannot hold as n > 3. The latter is also impossible 
since l c ] £ = I5 + -4(0 + -4(^) + + is a sum of 5 distinct S-irreducibles, 
where Vc is one the four Weil characters £,£,rj,fj of S, sec [MTl, p. 255]. Assume 
£ = 2. Then dim(V) = (3 n - l)/2, and V (2) ~ V*. Hence for the ^-composition 
factor W : = L(3w 1 ) of V® 3 we have W | 5 = (V©V (2) ) J, 5 ~ (V©^*) | 5 is reducible. 
We have proved 

Proposition 7.4. Assume G < Q, G satisfies M^(Q) and S ~ PSp 2n (q) with q 
odd. Assume in addition that (£,q) — 1, n > 2 and (n, g) 7^ (2,3). Tnen g = 3, 5, 
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G = Z(G)S, and V [ s is a Weil module of dimension (g n ± l)/2. If £ ^ 2,3, or if 
q = 5 and I = 3, then G cannot satisfy M' 8 (Q). If i = 2 then G cannot satisfy M' & (Q). 
□ 

We also record the following remark. 

Lemma 7.5. Let G = Sp2 n {q) with n > 2 and q odd. Let V be a complex Weil 
module for G. Then M 4 {G, V) > [(q + 7)/4j . 

Proof. Consider the case q = l(mod4). According to |MTlj . the dimension of any 
irreducible constituent Y of V <8> V is at most d\ := (q 2n — l)/(g — 1); moreover, 
if dim(Y) < (q 2n - l)/(q - 1) then dim(Y) < d 2 := {q n - l)\q n + q)/2(q - 1). 
Since V is self-dual (cf. Table II), V £g> V contains 1q- Thus the number of 
irreducible constituents of V <S> V is at least 1 + (dim(V) 2 — l)/c?i, and so iV > 
(g + 3)/4. Assume M 4 (G,K) < [(q + 7)/4j. Then = (q + 3)/4. But this is 
impossible as neither 1 + d±(q — l)/4 nor 1 + d 2 + d\ (q — 5) /4 equals dim(V) 2 . The 
case g = 3(mod4) is similar, with d\ replaced by (q 2n — l)/(g+ 1) and d 2 replaced 
by (g n + l)(g n + g)/2(g + l). ' □ 

To show that Weil representations cannot satisfy M 6 (Q), we need the following 
statement: 

Lemma 7.6. Let q = pf for a prime p and let \ be a complex irreducible unipotent 
character of a hnite group of Lie type G in characteristic p. 

(i) Assume G = GL n (q) or GU n (q). Then the p-part x(X)p °f xiX) JS a power q e of 
q. Moreover, either e = and x J s trivial, or e = 1 and x Is labeled by the partition 
(n-1,1), ore>2. 

(ii) Assume p > 2 and G is of type B n , C n , D n or 2 D n . Then either x is trivial, or 
x(l) p is a nontrivial power of q. 

Proof. Use Lusztig's classification of unipotent characters of G (cf. [Q), and repeat 
the proof of jMMTl Lemma 7.2]. □ 

Proposition 7.7. Let S = PSp2 n {q) with n > 2 and q = 3, 5. Let V\s be a complex 
Weil module for S := E(G). Then G fails M 6 {Q). 

Proof. Assume the contrary. Since the Weil modules of Sp2 n {q) are not stable under 
outer automorphisms of Sp 2ri (g), without loss we may assume that G = Z(G)S. 

1) First we consider the case q = 3. Observe that (/-modules (V*)® 3 and V®V®V* 
have no common irreducible constituent, hence the same is true for these two modules 
considered over G. However, by |MTTl Prop. 5.4], there is X e {S 2 , A 2 } such that 
X(V) ~ X(V*). It follows that <y*)® 3 | 5 and (V <g> V ® V*)\ s have the common 
summand X(V) <8> V*, a contradiction. 

2) From now on we may assume q = 5. By Lemma 16.31 V is self-dual, of type 
e = ± for d = (5" + el)/2. Since G satisfies M 6 (^), G is irreducible on 5 3 (U) 
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(the largest quotient of the (/-module S 3 (V)) and A 3 (V) (the largest quotient of 
the (^-module A 3 (V)). However, if 2 < n < 5 then at least one of S 3 (V), A 3 (l^) 
has dimension not divisible by \G\. So we may assume n > 6. If e = + then 
dim(A 3 (V)) = (5 2n -l)(5 n -3)/48. If e = - then dim(S 3 (^)) = (5 2n - l)(5 n + 3)/48. 

It suffices to show that S has no irreducible character of degree D := (5 2ri — 1)(5™ — 
3e)/48. Assume the contrary: %(1) = D for some \ e Irr(S'). Consider the dual group 
G* := SO 

2u+i{q) an d its natural module U := F 2n+1 . By Lusztig's classification of 
irreducible characters of G (cf. jH]), X corresponds to the G*-conjugacy class of a 
semisimple element s £ G*, and a unipotent character ip of C := Cg*{s); moreover, 
x(l) = Ei/;(1), where E := (G* : C) p /. Notice that C is a subgroup of index < 2 
of a direct product C := Co{u){s) of groups of form GL m (q k ), GU m (q k ), and 0^(q). 
Since x(l) — D is coprime to 5, Lemma f7.6l implies that = 1. Thus = in 
particular, s ^ 1. 

Claim that if U — U± © C/2 is any decomposition of {7 into C-invariant nonzero 
nondegenerate subspaces, then {dim(L r i), dim({7 2 )} — {l)2n} or {2,2n — 1}. Oth- 
erwise we may assume 2n — 3 > dim(C/i) =2A; + 1>3. If 2 < A; < n — 2 then 
£? > g 4 "- 8 > D. If fc = 1, then E is divisible by (5 2n - l)^™" 1 ± l)/48, which does 
not divide D. 

It is shown in [TZ1, p. 2124] that s has an eigenvalue A = ±1 on U. Observe 
that Ker(s — A) is a C-invariant proper nondegenerate subspace of U. The above 
claim now implies that C = A x Of n _ a (q) with A < 0^ +1 (q) and a = 0,1, or 
C = Z 2 x GL^(q k ) with n = mk. In the former case, E < 2(5 2n — 1) < D. In the 
latter case E > q n I 2 > D, a contradiction. □ 

7.3.2. Unitary groups. Assume S = U n (q) with n > 5, and q = 2,3. Notice that V 
lifts to a complex module Vc in this case. 

Case U n (3). Recall that the (reducible) Weil character 

UJ n : (_ 3 )dim F9 Ker( 9 -l) 

(where Ker(g-l) is the fixed point subspace of g in the natural module Fg) of GU n (3) 
is the sum of four irreducible complex Weil characters: a of degree (3 n + 3(— l) n )/4, 
and {3, j3, 7 all of degree (3 n — (— l) n )/4. All of them restrict irreducibly to SU n (3), and 
among them, a and 7 are real- valued. The irreducibility question of tensor products, 
tensor squares, symmetric and alternating squares of complex Weil modules of SU n (3) 
has been studied in [M TT|IlST] . The following result completely settles this question: 

Theorem 7.8. Let W := {a, /3, (3, 7} be the set of irreducible complex characters of 
GU n {3) with n>3. Assume H e {G := GU n {3), S := SU n {3)} and 

pe{A(x),S 2 ( x ),A 2 (x),x^\xA^w}. 

(A) Then p is irreducible over H if and only if one of the following holds. 
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(i) pe{S 2 ((3), S 2 ((3)} ifn is even, and p G {A 2 (/?), A 2 (/3)} if n is odd. 

(ii) p = A 2 (a) if n is even, and p = S 2 (a) ifn is odd. 

(iii) p = A 2 (7) if n is even, and p = S 2 ^) if n is odd. 

(iv) p = A (a) and n = 3. 

(B) Assume n > 4, and X(p) l s is reducible either for (X,u.) = (A, (3), or for 
X G {S 2 ,A 2 } and p G {a, 7}. Then X{p) J, 5 contains irreducible constituents of 
distinct degrees. 

Proof. 1) The case n = 3, 4 can be checked directly using |Atlasj . so we assume n > 5. 
By pTTl Prop. 4.1], is reducible over H. It is clear that A(ot) and .4.(7) are 
reducible. We claim that A(/3) is also reducible. Indeed, A(/3) is a subquotient of 
c<j, 2 . The proof of |LSTt Prop. 3.3] shows that if -composition factors of u 2 have 
degree 1, e = c n c n _i/8, e x = 27c n _ic n _ 2 /32, e 2 = 3e /4, e 3 = 3c n c n _ 2 /16, e 4 = e /2, 
es = 9c n c„_3/32, and e6 = eo/4, where Cfc := (3 fe — (— l) fc ) for any k. Now our claim 
follows since all these degrees are less than dxm(A(P)). 
2) Over G we have 

u 2 n = (a + + P + if = 4 • 1 G + S 2 (a) + A 2 (a) + £ 2 ( 7 ) + A 2 ( 7 ) + 

+S 2 (/?) + A 2 ((3) + S 2 (p) + A 2 (P) + 2A(P) + 2a 7 + 2(3 7 + 2^ 7 + 2a(3 + 2ap. 
Let Ax, A 2 , d, C 2 , B u B 2 , B 3 = B u B 4 = B 2 , 2E, 2D U 2D 2 , 2D 3 = 2D 2 , 2D 4 , 
and 2D 5 = 2D4, denote the number of S- irreducible constituents (with counting 
multiplicities) of the 14 nontrivial summands in this decomposition, in the order 
they are listed. Also set A = A x + A 2 , B = B 1 + B 2 , C = C x + C h an d D = Yf i= i Di- 
According to 1), E > 2, and A > 2 for any i so D > 10. By jTSTl Prop. 3.3] and 
its proof, Ai + A 2 > 3, namely A\ = 2 if n is even and A 2 = 2 if n is odd, and C 2 = 1 
if n is even and C\ — 1 if n is odd. 

It is shown in jT] that a; 2 is the sum of 40 irreducible if-characters (with counting 
multiplicities). Hence 2B = 40 - (4 + A + C + 2D + 2E) < 7, i.e. B < 3. If B < 2 
then both S 2 ((3) and A 2 (f3) are irreducible over S, whence A(f3) is also irreducible, 
contrary to 1). Thus B = 3. Now 2E = 40 - (4 + A + C + 2B + 2D) < 5 and E > 2, 
so £ = 2. Next, 5 < A + C = 40 - (4 + 2B + 2D + 2£) = 26 - 2D < 6, so A + C = 6 
and .D = 10. In particular, Di = 2 for all i. 

Claim that C = 3. Assume the contrary: C = 2. First suppose that n is odd. 
Then both S" 2 (7) and A 2 (7) are irreducible of degree at least a(a + l)/2, where 
a := (3 n + l)/4. Since A = 4 and A 2 = 2, we get Ai = 2, and all composition factors 
of S 2 (a) and A 2 (a) are of degree less than the degree of S 2 (a) which is a{a + l)/2. 
It follows that 

(a 7 , ai ) s = ( 7 2 , a 2 ) s = (l s + S 2 ( 7 ) + A 2 ( 7 ), l S + S 2 (a) + A 2 (a)) s = 1, 

i.e. D\ = 1, a contradiction. Next, suppose n is even. Then S 12 ^) is irreducible of 
degree e 2 and A 2 (7) is irreducible of degree e\. The proof of |LST| Prop. 3.3] shows 
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that A\ = 2 and S 2 (a) is the sum of two characters of degree and e$. Hence A 2 = 2 
and A (a) is reducible, of the same degree as of S 2 ^). On the other hand, D\ = 2 
implies 

2 = (try, a 7 )s = (7 2 , « 2 )s = (Is + S 2 ( 7 ) + A 2 ( 7 ), Is + S 2 (a) + A V))s- 

~ 2 ~ 2 

The above degree consideration shows that A (7) has to be a constituent of A (a). 
It follows that A 2 (a), and so to 2 as well, has a nontrivial S'-irreducible constituent of 
degree at most A (a)(1) — A ( 7 )(1) = (3 n + 3)/4. But this cannot happen, see |LST| 
p. 196]. 

Thus C = 3 = A, and moreover (Ai, A 2 ) = (C±, C 2 ) = (1,2) if n is odd, and (2, 1) 
if n is even. It remains to determine the B^s, which amounts to show that B\ > 1 if n 
is odd and I?2 > 1 if n is even. Assume n is odd but B\ — 1, or n is even but -B2 = 1- 
Then u 2 has an S'-irreducible constituent of degree (3™ — (— l)")(3 n — 5(— l) n )/32, 
which is none of the e^'s, a contradiction. 

3) To prove (B), we assume that X(/z) is as in (B) but all S-composition factors 
of X(n) Is are of same degree say d! . By the results of 2), d! = dim(X(/i))/2. If 
(X, fj) = (A, (3), then d! = (d 2 - 1) /2. If // = a, then X = S 2 if n is even and X = A 2 
if n is odd, and d' = (3 n - (-l) n )(3 n + ll(-l) n )/64. If fj, = 7, then X = S 2 if n is 

~ 2 

even and X = A if n is odd, and tf = 3eo/8. In all cases, none of the S-composition 
factors of u 2 can have this degree d', a contradiction. □ 

Now suppose that G < Q satisfies M' A {Q). Then G is irreducible on X(V) for some 
X G {^4, S 2 , A }. Hence the G-module X(l/ C )( mod £) has an irreducible constituent 
(namely X(V)) of degree > dim(X(Vc)) —2, so the same is true for X(Vc)- Let U be 
any other irreducible constituent of the G-module X(Vc). Then dim(C/) < 2. Since 
()(S') > 2, it follows that S acts trivially on U . 

First assume that Q = GL(V) and let X = ^4. Since a and 7 are self- dual and 
I Out (5) I < d — 1, by Lemma IB~4l V J, 5 is not self-dual, whence we may assume that 
Vc |s affords the character (3. As S acts irreducibly on Vc, Is enters Vc <8> with 
multiplicity 1, and moreover it cannot enter A(Vc). Thus the G-module A(Vc) is 
irreducible. By Theorem 17. 8f A). 5 is reducible on A(Vc)- Now by Theorem 17.8( B). 
A(Vc) is has irreducible constituents of distinct degrees, which contradicts Clifford's 
theorem. 

Next we consider the case t ^ 2, 3 and Q = Sp(V) or 0(V). Set Y = S 2 if X = S 2 , 
and Y = A 2 if X = A 2 . Since /3(mod£) is not self-dual, we may assume that Vc is 
affords the character a or 7 . As S 1 acts irreducibly on Vc and £ 7^ 2, Vc has the same 
types as a G-module or as an S-module. Hence I5 enters K(Vc) with multiplicity 
< 1, and moreover it cannot enter X(Vc). Thus the G-module X(Vc) is irreducible. 
Now choose X = S 2 if n is even and X = A 2 if n is odd. By Theorem I7.8f A) . S is 
reducible on X(Vc). By Theorem 17.8( B). X(Vc) Is has irreducible constituents of 
distinct degrees, contrary to Clifford's theorem. 
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Finally we consider the case £ = 2 and Q = Sp(V) or 0(V). Then X = A 
and Z(G) = 1. Since £ = 2, we may assume that Vc is affords the character a 
if n is odd and 7 if n is even. We claim that A 2 (V) is irreducible if and only if 
n = 3. The case n = 3,4 can be checked directly, so we suppose that n > 5 but 

~ 2 

A (1/) is irreducible. Let K be the subgroup consisting of the elements of G that 
induce only inner-diagonal automorphisms on S. Then (G : K) < 2 and K can be 
embedded in PGU n (3). First assume n is even. Then we may assume that Vc |s 
affords the character 7. The proof of |LSTl Prop. 3.3] shows that S 2 (a) is the 
sum of three irreducible i^-characters of degree 1, e 4 = (3 n — l)(3 n_1 + 1)/16, and 
e 5 = (3 n - l)(3 n_1 + 9)/32. The same is true for G, since K < G and a is te- 
stable. Since a(mod2) = 7(mod2) + 1, we have S' 2 (a)(mod2) = S' 2 (7)(mod2) + 
7 (mod2) + 1. Also, S 2 ( 7 (mod2)) = S 2 (V) = A 2 (V) + V® = A 2 (V) + V® + 2 
since 4\d. Thus the irreducible constituents of the G-character S' 2 (a)(mod2) are of 
degree 1, d = (3" - l)/4, and dim(A 2 (V)) = (3 n - l)(3 n - 5)/32. This yields a 
contradiction as dim(A (V)) is larger than e 4 and e 5 . Now we assume that n is 
odd. Then we may assume that Vq Is affords the character a. The proof of LST ( 
Prop. 3.3] shows that A 2 (a) is the sum of three irreducible ii'-characters of degree 1, 
e 4 = (3 n +l)(3"- 1 -l)/16, and e 5 = (3 n +l)(3"- 1 -9)/32. The same is true for G, since 
K < G and a is G-stable. Since dim(V) = a(l) and dim(A 2 (V)) = dim(A 2 (a)) - 2, 

~ 2 

it follows that A (V) cannot be irreducible, a contradiction. We record this in the 
following statement, which complements |MMTl Thm. 3.1(h)]: 

Proposition 7.9. Let G be a Unite group with normal subgroup S = U n (3) with 
n > 4 and a (faithful) irreducible ¥ 2 G-module V such that V Is is a Weil module. 

~ 2 

Then A (V) is not irreducible. □ 



Case U n (2), n > 5. The (reducible) Weil character 

oo n : g ^ (_ 2 ) dim F4 Ker (f- 1 ) 

of GU n (2) is the sum of three irreducible complex Weil characters: a = (® 2 of degree 
(2 n + 2(-l) n )/3, and p = Q 2 ,Jj = C, 2 of de gree (2 n - (-l) n )/3. All of them restrict 
irreducibly to SU n {2). According to |LST| Prop. 3.3], all these characters satisfy 
M±(Qc). However, we will show that G cannot satisfy M' S (Q). Assume the contrary. 

First we consider the case I 7^ 2, 3. Assume Q = GL(V). Let Z ~ Z2 be a long-root 
subgroup of S, C := C G (Z) = N G (Z). Since Z % Z(G), we have V c ic= A © B 
with A = Cy c (Z) and L? = [Vc, Z\ both being nonzero. Thus the assumptions of 
Proposition ETTT1T ) are fulfilled. By Lemma O (G : C) = (S : C H S), hence 
(lc T C) Is— lens T S, and moreover the last character is a rank 3 permutation 
character (indeed, it is I5 + A 2 (a) + A{f3) if n is odd and I5 + 5 2 (a) + -4.(/3) if 
n is even). It follows that ^4(Vc) cannot enter \ c ] G with multiplicity > 2. So 
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y 4" ^ J — : w hich is a contradiction since n > 5, d > (2" — 2)/3 > 10 

and (G : C) = (S : C n 5) = (2 n - (-l) n )(2 n - 1 - (-l) n - x )/3. Next assume that 
£ = Sp(V), resp. 0(F). Since £ 7^ 3, /5(mod£) is not self-dual, whence we may 
assume that Vq is affords the character a. Again d > (2 n — 2)/3 > 10. By Proposition 
13.131 the condition M' % {Q) implies that S 4 (Vc), resp. A 4 (Vc), is irreducible. Let 
D := SU n ^{2) and C := Z{G)D. Then a D = £Li,2 + Cn-i,2, so V c [ C =B@B* with 
dim(S) = (2 n_1 — (— l) n_1 )/3 > 5. The proof of Proposition 13. 17f ii) now implies that 

< (G : C), which is a contradiction when n>7 since (G : C) < |Out(<9) | • (S : 

S n C) = 6(2 n - (-l) n )2 n ~ 1 . When n = 5, 6, we can check directly that S 4 (Vc), resp. 
A 4 (Vc), is reducible. 

Next we consider the case i = 3. Assume n is odd. Then /3(mod 3) = a(mod 3) + 
1, so we may assume that Vc is affords the character a. Since Q(a) = Q, V Is— 
Is and moreover V Is is self-dual. The condition M^(Q) implies that G is 
irreducible onW = L{Aw x ) ~ V r (g>l /(3) . However, W | s ~ (V®V (3) ) [ s ~ (V®V) is 
contains I5, and so W is reducible, a contradiction. Next assume that n is even. 
Then /3(mod3) = a (mod 3) — 1 = /3(mod3), so we may assume that 1/ J,s affords 
the character a(mod3) — 1. Since Q(a) = Q, V Is— Is and moreover V Is is 
self-dual. Arguing as in the case n is odd, we conclude that G is reducible on L(4wi). 

We have proved 

Proposition 7.10. Assume G < Q, G satisfies M[{Q) and S ~ U n (q) with n > 3. 
Assume in addition that (i, q) = 1 and (n, q) ^ (3, 2), (3, 3), (4, 2), (4, 3), (6, 2). Then 
q = 2 and V is is a Weil module of dimension (2 n + 2(-l) n )/3 or (2 n - (-l) n )/3. 
Moreover, G cannot satisfy M' S {Q). □ 

Proposition 7.11. Let S = U n (2) with n > 4 and let V\s be a complex Weil module 
for S := E(G). Then G fails M 6 (Q), except for the case G = (Z 2 x Z7 e (2)) ■ 2 inside 
Q := Spio(C) in which case G fails M S (Q). 

Proof. 1) Assume the contrary and let e := —1. Since G satisfies M§{Q), G is irre- 
ducible on S 3 (V) and A 3 (K). However, if n — 4, 6, or 7, then at least one of S 3 (V), 
A 3 (V^) has dimension not divisible by \G\. If n = 5 then direct computation shows 
that G satisfies Mq(Q) precisely when G = (Z 2 x ^5(2)) ■ 2 inside Q := Spio(C) (but 
no proper subgroup of G can satisfy M 6 (£?)), and Mg(^) fails. 

From now on we assume n > 8. If 2|n, then we consider D := dim(S' 3 (V r )) which is 
(2 n - 1) (2 n + 2) (2 n + 5) /162 for d = (2 n - l)/3 and (2 n - 1) (2™ + 2) (2™ + 14)/162 for 
d = (2 n + 2)/3. If n is odd, then we consider D := dim(A 3 (V r )) which is (2" + l)(2 n - 
2)(2 n -5)/162 for d= (2 n + l)/3 and (2 n + 1)(2" -2)(2" - 14)/162 for d = (2 n -2)/3. 
These dimension formulae follow from Table II and Lemma f6. 31 Thus 

D := (2 n -e n )(2 n - 1 + e n )(2" + 7e n )/81 
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with 7 G {5, 14}. It suffices to show that C has no irreducible character of degree D. 

Recall that for X G {S 3 ,A 3 }, X(V) is either X(V) or X(V) /V A lso, the Weil 
representation V of SU n {2) extends to H := GU n {2). Hence, by |MT1[ Lemma 2.2], 
the ZZ-module X(V) has a quotient of dimension equal to D. So without loss we 
may assume that G > H . Since (G : Z(G)H) < 2, it suffices to show that H has no 
irreducible character of degree D or D/2. Assume the contrary: x(l) G {D,D/2} 
for some x Irr(iJ). We can identify the dual group H* with H and consider its 
natural module U := F". By Lusztig's classification of irreducible characters of G, x 
corresponds to the if-conjugacy class of a semisimple element s G H, and a unipotent 
character tj) of C := C#(s); moreover, %(1) = Ei[)(l), where E := (H : C) 2 i. Notice 
that C is a direct product of groups of form GU m {2 k ) (with odd) and GZ/ m (4 fc ), 
and that 4 /D. 

2) Claim that if U — W\ © Wi is any decomposition of U into C-invariant nonzero 
nondegenerate subspaces, then {dirn(Wi), dim(W / 2 )} = {1, n — 1} or {2, n — 2}. Oth- 
erwise we may assume n/2 > dim(Wi) = k > 3. If k > 4 and n > 9 then E > D. 
If = 4 and n = 8 then D/E is not an integer. If fc = 3, then E is divisible by 
(2 n - e n )(2 n ~ 1 + e n )(2 n ~ 2 - e n )/27, which does not divide D. In any of these cases 
we get a contradiction. 

Now assume that U = ©* =1 Vi is any decomposition of U into C-invariant nondegen- 
erate subspaces, with 1 < dim(Vi) < . . . < dim(VJ), and with t as large as possible. 
The above claim implies that t < 3. Moreover, if t = 3 then dim(Vi) = dim(V2) = 1, 
and if t = 2 then dim(Vi) = 1 or 2. 

3) With the notation as in 2), here we consider the case t = 3. Then C = GU\(2) x 
GU X {2) x A, with A = C GU( y 3 )(s\v 3 ). In particular, E = F ■ (2" - e n )(2"- 1 + e n )/9, 
where F := (G[/ n _ 2 (2) : A) 2 /. Using the results of jTZT] . one can show that either 
F = 1, or F = (2 n ~ 2 - e n )/3, or F > (2"- 2 - e n )(2 n " 3 - 4)/9. Since £7|D, the last 
two possibilities cannot occur. Thus F = 1 and so A = G?7„_2(2). Since 4 /[£), by 
Lemma f7. 61 either ^(l) = 1 or ^(1) = (2 n ~ 2 + 2e™)/3. In none of these cases can 

be equal to D or D/2, a contradiction. 

Arguing similarly, we see that the case t = dim(Vi) = 2 cannot happen. 

Assume t — 2 and dim(Vi) = 1. By the choice of t, V% cannot be decomposed 
into a direct sum of C-invariant proper nondegenerate subspaces. It follows that 
C = GU X {2) x A, and either A = GC/ n _i(2), or A = GU m {2 k ) with mk = n - 1 
and k > 3 odd, or A = GL m (4 fc ) with 2mk — n — 1. In the last two cases one can 
check that F > D (as n > 8). So A = GC/ n _ 1 (2). Since 4 /Z), by Lemma !7!o1 either 
V'(l) = 1 or V'(l) = (2 n_1 — 2e n )/3. In none of these cases can x(l) be equal to D or 
D/2, a contradiction. 

4) We have shown that £ = 1. By the choice of t, V cannot be decomposed into 
a direct sum of C-invariant proper nondegenerate subspaces. It follows that either 
C = GU n (2), or C = GU m {2 k ) with mk = n and k > 3 odd, or A = GL m (4 fc ) with 
2mk = n. In the last two cases one can check that E > D (as n > 8). So C = GU n (2) 
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and £7=1. Since 4 /£>, by Lemma 171)1 either ^(1) = 1 or ^(1) = (2 n + 2e n )/3. In 
both of these cases x(l) < D/2, again a contradiction. □ 

7.4. Some exceptional groups. In this subsection we handle the exceptional groups 
listed in (***). Our results complement }MMT1 Thm. 3.1]. 

Proposition 7.12. Assume G>S = E m (2) with m = 6, 7, 8 and £^2. Then G has 
no faithful irreducible £-modular representation V such that X(V) is irreducible, if 
X = A, resp. S 2 , A 2 , for V of type o, resp. +, —. 

Proof. The proof is the same for m = 6, 7, or 8, so we give the details for m = 8. 
Assume the contrary. Then we are in the so-called good case considered in |MMTj . 
Let Z be a long-root subgroup of S and N := Nq(Z). By Lemma l?~2"l {G : N) = 
(S : N (1 S). The proof of jMMTl Thm. 3.1] yields 

(7.1) dim(V) < 765,625,740. 
On the other hand, 

(7.2) dim(V) > 545,925,247 

by [Ho]. Since y/(G : N) + 2 < 541,379, 153 < dim(V), the proof of jMM r n Thm. 
3.1] shows that V is self-dual. 

Recall that N = QL with Q = 2 1+56 , Z = Z(Q) = (z), and L = E 7 (2). We 
write V l N = ® 2 i= o V i with V o ■= C V (Q), V l := [C V (Z),Q], and V 2 := [V,Z). Since 
Z ^ Z(G), V2 7^ 0, and so dim(V2) = 2 28 a for some integer a > 1. 

Assume V{ 7^ for all i. Since V is self-dual, all Vi are self-dual. Furthermore, 
observe that Hom^(V2,Vi) = for i = 0, 1 as z = — 1 on V2 and z = 1 on Vi. 
Similarly, Hohiq(Vo,Vi) = 0. Thus Hom N (Vi, V*) = whenever i 7^ j. The proof 
of jMMTl Prop. 2.3] applied to the decomposition V [ N = ® 2 =0 V shows that X(V) 
enters 1 N t G with multiplicity > 2. Thus 2(d(d - l)/2 - 2) < (G : iV), and so 
d < y/{G :N) + l < 541, 379, 154, contrary to (Q. On the other hand, V 2 ^ 0, and 
Vi ^ according to (the proof of) |Hol Lemma 1]. So Vo = 0. 

As mentioned in |Hoj . L acts on lrr(Q/Z) \ {Iq/z} with five orbits. Among them, 
four have length larger than 2 44 > dim(V). So V\ has to afford only the smallest orbit, 
call it O, of length (2 5 + 1)(2 9 + 1)(2 14 - 1). By flD}, (dim(V) - |C|)/2 28 < 1.82, 
so a = 1 and dim(V 2 ) = 2 28 . Next, (dim(V) - 2 28 )/|C| < 1.79, so V x cannot afford 
O twice, i.e. dim(Vi) = \0\. Consequently, dim(V) = 2 28 + \0\ = 545,783,263, 
contradicting (|7.2|) . □ 

Proposition 7.13. Assume G> S = 2 E 6 (3) or 3 £> 4 (3), and £^3. 

(i) Assume in addition that £ 7^ 2 if S = 3 £) 4 (3). Then G has no faithful irreducible 
£-modular representation V such that X(V) is irreducible, if X = A, resp. S 2 , A 2 , 
for V of type o, resp. +, — . 

(ii) Assume S = 3 D^(3). Then G cannot satisfy M^(Q). 
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Proof. Assume the contrary. Then we are in the good case considered in [MMTj. Let 
Z be a long-root subgroup of S and N := Nq(Z). We write V J, jv= ©?=o^ w hh 



V := C V (Q), V 1 := [C V {Z),Q], and V 2 := [V,Z]. By Lemma O (G : N) = (S : 



1) First we consider the case S = 2 Eq(3). The proof of |MMT| Thm. 3.1] yields 



by jMMTl Thm. 4.2]. Since y/(G : N) + 2 < 123, 765 < dim(V), the proof of jMMTl 
Thm. 3.1] shows that V is self-dual. 

Recall that N = QL with Q = 3 1+20 , Z = Z(Q), and L = S77 6 (3) ■ Z 2 . Since V 
is self-dual, all are self-dual. Since Z ^ Z(G), V 2 7^ 0, and dim(V 2 ) = 2a ■ 3 10 for 
some integer a > 1. 

Assume 7^ for all z. Notice that Honi^V^, Vi) = for i = 0, 1, and Houlq(Vo, Vi) = 
0. Thus Homjv(Vi, V*) = whenever i 7^ j. The proof of jMMTl Prop. 2.3] applied 
to the decomposition V In— ©f=o^ shows that X(V) enters ljy T G with multiplic- 
ity > 2. Thus 2{d{d - l)/2 - 2) < (G : iV), and so d < : A 7 ) + 1 < 123, 766, 
contrary to f|7.4jl . On the other hand, V2 7^ 0, and V\ ^ according to (the proof of) 
|Ho[ Lemma 1]. So Vo = 0. 

As mentioned in the proof of [MMT[ Thm. 4.2], L acts on Itt(Q/Z) \ {Iq/z} 
with five orbits. Among them, four have length larger than dim(V). So V\ has 
to afford only the smallest orbit, call it O, of length (3 2 - 1)(3 3 + 1)(3 5 + 1). By 
(Q, (dim(V) - |C|)/(2 ■ 3 10 ) < 1.05, so a = 1 and dim(^ 2 ) = 2 • 3 10 . Next, 
(dim(y) - 2 • 3 10 )/|C| < 1.05, so V x cannot afford O twice, i.e. dim(Fi) = \0\. 
Consequently, dim(V) = 2 • 3 10 + \0\ = 172, 754, contradicting (17^1 . 

2) Now we consider the case S = 3 D 4 (3). Arguing as above and using [MMT, Thm. 
4.1] instead of jMMTl Thm. 4.2], we get V ~ V*, V = 0, dim(V r 2 ) = 162, dim(Vi) = 
56, whence dim(K) = 218. According to jLulj . the last equality cannot hold if 
£ 7^ 2, 3. Assume i = 2. By [IHimj . V^lg is contained in the reduction modulo 2 of the 
unique irreducible complex representation of degree 219 of S. For this representation 
V\s, Hiss (private communication) has shown that (V® V)|s contains an irreducible 
constituent of degree 3942. However, V ®V has ^-composition factors A (V) (of 
dimension 23652 = 6 • 3942)) and (of dimension 218), and (G : Z(G)S) < 3. So 
G cannot satisfy M^(Q) by Lemma f6. II □ 

Lemma 7.14. Assume G > S = -^(3) and i 7^ 3. Then G has no faithful irreducible 
£-modular representation V such that X(V) is irreducible for some X e {A, S 2 ,A 2 }. 

Proof. Assume the contrary. Then we are in the good case considered in jMMTj . Let 
Z be a long-root subgroup of S and iV := N G (Z). By Lemma I7T21 (G : N) = (S : 



Nns). 




dim(V) < 175,030. 



dim(V) > 172,936 
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N n S). The proof of jMMT[ Thm 3.1] yields dim(V) < 6601. On the other hand, 
dim(U) > 3 8 + 3 4 - 2 = 6640 by (MT2J, a contradiction. □ 

Lemma 7.15. Assume S = F^(2), resp. 2 E e (2), and £ ^ 2. IfV is any irreducible £- 
modularWG-representation V such that X(V) is irreducible for some X e {A,S 2 ,A Z } 
th en dim (V) < 528, resp. 2817. In particular, G cannot satisfy M' A {Q) for any faithful 
irreducible complex representation V, unless S = 2.F 4 (2) and dim(V) = 52. 

Proof. Assume X(V) is irreducible. Then we are in the good case considered in 
[MMTj. Let Z be a long-root subgroup of S and N := Nq(Z). By Lemma IT2l 
(G : N) = {S:N nS)i£S= 2 E 6 {2), and (G : N) < 2{S : N n S) if S = F 4 (2). The 
proof of [M MT[ Thm 3.1] now yields dim(V) < 2817, resp. 528. Now assume £ = 
and S = 2 E 6 {2). According to [EuT] . S = S or 25,_and dim(V) = 1938 or 2432. 
Using Atla^ one can see that M'J^Q) fails. The case S = ^4(2) is similar. □ 



Now we can state the main result concerning the finite groups of Lie type: 

Theorem 7.16. Let G be a hnite subgroup of Q that satishes M±(Q). Assume 
S = E{G) is a covering group of a hnite simple group S of Lie type in characteristic 
^ i. Then one of the following holds. 

(i) S = PSp2n(q), Q = 3, 5, G = Z{G)S, and V [s is a Weil module of dimension 
{q n ± l)/2. If I ^ 2, 3, or if q = 5 and £ = 3, then G cannot satisfy M' % {Q). If £ = 2 
then G cannot satisfy M' & (Q). 

(ii) S = U n (2) and V \ s is a Weil module of dimension (2 n + 2(-l) n )/3 or (2 n - 
(-l) n )/3. Moreover, G cannot satisfy M' S (Q). 

(iii) S G S3 and V is as listed in Tables IV and V below. 

(iv) S = F A {2) or 2 E 6 (2). Moreover, if £ = then S = 2F 4 (2) and dim(V) = 52. □ 



8. Nearly Simple Groups. Ill 

In this section we treat the small nearly simple groups, that is, the ones belonging 
to uf =1 £j. The outline of the arguments is as follows. For the large groups, modular 
character tables of which are not completed yet, we use Lemma 13. 121 upper bounds 
on complex character degrees of G (such as a/|G?|), and lower bounds for modular 
degrees of G (such as given in |LSj and |Jansj ) to show that M 2 k{Q) fails for G (say for 
k > 6), see the example of F x below. In several cases (see the example of Co\ below), 
this can be done only for FG-modules of dimension larger than certain bound. In this 
situation, we can use the results of |HM| to identify the modules V below the bound 
and handle these modules individually. We also use |Lu2j to find the dimensions 
of certain ^-composition factors in V® k , if rank(^) is not large. For groups of Lie 
type, sometimes we can also use Propositions 17.11 and 13.111 and argue somewhat as 
in Most of the quasi-simple groups arising here have a lot of different extensions 
of S := E(G) and sometimes isoclinic groups behave completely differently (say in 
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the case of S = 2 ■ F 4 (2)). In many cases, Lemmas 16.31 and 16.41 allow us to cut off a 
lot of extensions. 

A further useful observation is the following lemma: 

Lemma 8.1. Assume V = W d , d > 6, and V ~ V* ~ V® as FG-modules. Then 
Mg(Q), M' S {G), and M 10 {G) fail for the FG-module V if £ = 2. Furthermore, M'%{G) 
andM 1Q {G) fail if £ = 3. 

Proof. Assume £ = 2. Then the (/-composition factor L(3wx) of V® 3 is V ® V^ 2 \ so it 
restricts to G as V ®V*. In particular, it contains 1q, whence M' & (Q) fails. A similar 
argument applied to L{hw{) shows that M W (Q) fails. Next, the ^-composition factor 
L(2wi + w 2 ) of V m is ® A 2 (V), and it restricts to G as V © A 2 (V). For the 
corresponding complex module Vc of Sp(Vc) we have Vc © A 2 (Vc) — Vc © A 3 (Vc) © 
L<c(vji + cc7 2 ). It follows that all G-composition factors of V © A (I 7 ) have dimension 
< d(d 2 -4)/3, which is less than dim(V® A (V)). Thus L(2tJ7i + zz7 2 ) is reducible over 
G, whence Mg(£?) fails. Now we assume that £ = 3. The above arguments applied to 
L(4rj7i) and L(3zui + ot 2 ) show that M' S (Q) and M 10 ({?) fails. □ 



In what follows we give detailed arguments for some of the (nontrivial) cases. 
Denote S = E(G) and S = S/Z(S). Following Lemma (3.121 we set e := [d/2\ and 

dk '■= 2 k ( f j . Also, let D be the largest complex irreducible character degree of G. 



Case: S = M = F x . According to [Jansj . d > 196882. Assume k = 6,7. Then 



d k > 8 • 10 28 > > D. By Lemma l3~T2l M 2k {Q) fails for G. 

Case: 5 = Co\. Assume d > 170 and k = 5, 6. Then c4 > (1.04) • 10 9 , meanwhile 
D < (1.03) ■ 10 9 , so M 2k (Q) fails. Now we assume d < 169. By [HMj, in this case 
d = 24, 5 = 25, and V = F 24 . As an S-module, V = V* =_ V® and V lifts to a 
complex module Vc. Also observe that G = Z(G)S as Out (5) = 1. Now Lemmas 
O and O imply that M'^Q) and Mi (£) fail when £ = 2,3. Assume £ > 3. Since 
V |s is of type +, Q = GL{V) or O(V). By Lemma l3~T2l A k (V) is ^-irreducible for 
k = 4,5. But A fc (V c ) is 5-reducible for fc = 4, 5, so M^(£) and M 10 (£) fail here. We 
conclude that M\q{0) and Mi 2 ((?) always fail for G. Notice that M§(Q) holds when 
d = 24 and £ = 0. 

Case: S = J 2 . Here D = 448. By Lemma l3~T2l M B (G) and M£(0) fail if d > 18. 
If d > 31, then d(d — l)/2 — 2 > D and so M^(Q) fails. It remains to check through 
the cases where d < 30. Direct check using jAtlasj and j.lLPWj shows that M' A {Q) 
and Mq(Q) fail, except possibly for d = 6. Let d = 6. Then S = 2S and lifts 
to a complex module Vc- Also, js is of type — . By Lemma 16.41 we may assume 
that Q = Sp(V). Observe M l2 {Q) fails for £ > 5 as S 6 (V) has dimension 462 > D. 
Assume £ = (or £ > 7). Then M 10 (S,Vc) = 909. A. Cohen and N. Wallach have 
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kindly performed for us a computation using the package LIE to decompose the Q- 
module V® m with m = 5,6. It turns out in particular that M 10 (Q, Vc) = 909 and 
MtfiG, Vq) = 9449, whence M W (Q) holds for £ = 0. The same is true for any positive 
characteristic £ > 7, as this £ is coprime to |G|. Assume £ = 7. Then L(2wi + w 3 ) (of 
dimension 158) is G-reducible, so M W (Q) fails. One checks that Mq(Q) and M$(G) 
hold here. Assume £ = 3. Then M 6 (G) and M 8 {G) hold, but M W {Q) and M l2 {Q) fail, 
as G is reducible on L(tui + 2vj 2 ) (of degree 286) and L(w\ + zu 2 + 073) (of degree 
358). Assume £ = 5. Then M 4 (£) and M 6 (£) hold, but Af£(<7) and M 10 (£) fail, as 
G is reducible on L{Aw\) (of degree 126) and L(tu 2 + zu 3 ) (of degree 62). Finally, 
assume £ = 2. Then M±(Q) holds, but M§(Q) and M'%{Q) fail, as G is reducible on 
L(zu 3 ) (of degree 8) and L{w\ + ro 3 ) (of degree 48). 

Case: S = 2 E 6 (2). According to LS], d > 1536, so d 5 > 7 • 10 13 , meanwhile 
D < 3 • 10 12 , so Mio(</) fails. We claim that M a (Q) fails as well. Assume the 
contrary: M 8 (G) holds for some V. Since M 8 (^) implies M 4 (Q), G is irreducible and 
primitive on V by Proposition 13.71 It is known that Out(S') = §3. Observe that the 
largest complex degree of S and 5-2 is at most (1.4) • 10 11 . Next, the largest complex 
degree of S ■ 3 is at most (l.l)-lO 11 . It follows that the largest complex degree D' of 
any subgroup of Aut(5) is at most (2.2) • 10 11 . First we consider the case S = 6S or 
3S. Since Z(S) > Z 3 acts scalarly and faithfully on V, Q = GL(V). By Lemma 1331 
Liw 2 + ^-2) ^ V m ® (K*)® 2 . The orbit length of w 2 + w d _ 2 under the Weyl group 
of g is d(d - l)(d- 2){d - 3)/4 > 10 12 > D' . Hence G is reducible on L{w 2 + w d _ 2 ) 
(as Z(G) acts trivially on V® 2 ® (I 7 *)® 2 ), a contradiction. Next assume that S = 2S 
or S. Then Z(S) < 7L 2 acts trivially on V m . Now rf 4 > (2.3) ■ 10 11 > D', whence G 
is reducible on L(rs7 4 ), again a contradiction. 

Case: 5 = F 4 (2). Here D < (2.93) ■ 10 7 . If d > 186, then d 4 , d 5 > (2.94) ■ 10 7 > D 
and so M'^Q) and M 10 (^) fail. Assume d < 185. By [HM], d = 52, 5 = 25, V lifts to 
a complex module Vfc, and V J, 5 is of type +. By Lemmas 16 . 41 and IB~31 we may assume 
that Q = 0(V). Here either G = S or G = S-2 (in the latter case G is isoclinic to the 
extension 2S-2 indicated in [AtlasJ). One can check that Mq(Q) holds for S-2 if £ = 0, 
and M 6 (G) fails for S for all £ 7^ 2. We show that M^(G) and M i0 (^) fail. It suffices 
to prove it for G = S ■ 2. Observe that V — V* — V®. Hence M'Jg) and M 10 (g) fail 
for £ = 2,3. Assume £ > 5. By Premet's theorem [Pre], L(4g?i) affords the weights 
4c7i, cc7i + ro 3 , 2cc7i + w 2 , whose orbit length under the Weyl group of Q = 0(V) 
is 239200, 62400, 2600. Assuming M&G) holds, we see that a := S 4 (V C )/ S 2 (V C ) 
contains a G-irreducible constituent say (3 with 304200 < (3(1) < 339677 = a(l). 
Inspecting the character table of S we see that /3(1) = 322218 or 324870. Thus a — f3 
is a character of S of degree 17459, resp. or 14807. One can also see that the value 
of a — (3 at an element of class 2 A of S is 11315, resp. 9815. It is easy to see that 
S has no such character, a contradiction. A similar argument, applied to L(5wi) if 
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t > 5 and L{3w\ + w 2 ) if £ = 5 (both of them are inside S 5 (V)), shows that M 10 (Q) 
fail. 

Case: S = ^+(2). If d > 54 then d 3 ,d 4 > 23400 > D and M 6 (£), M£((/) fail. 
Assume V satisfies M' A (Q). By Proposition 13.71 S is irreducible on V, so S 1 = S or 
2iS. Notice that S has an involution i of class 2/1 which lifts to an involution t G S, 
and C := Ca(t) has index < 3150 in G. Since 1^1 and £ affords both eigenvalues 
1 and —1 on V, we can apply Proposition 13. Ill to C. It follows in particular that 
d < 79. Checking through the FG-representations of dimension < 79 we see that 
both M^(Q) and Mq(Q) fail unless d — 8. Assume d — 8. In this case 1/ lifts to 
a complex module Vc, 5 = 25, and as an S-module, V = V* = One can 

check that M 4 (£) and M 6 (Q) hold for this V. However, M'^Q) and M 1Q {Q) fail. 
Indeed, G is reducible on L{Awi) if t > 3 and on L(3cci + ro 2 ) if f > 5. Assume 
£ = 3. Then £(4^) | 5 = (1/ ® l/( 3 )) | 5 = (V ® 7*) Is contains l s , so L(4w 1 ) is 
reducible over G as well. Furthermore, L(3wi + UJ2) (of degree 224) restricted to 
S contains an irreducible constituent of degree 8, whence it is also reducible over 
G. Assume t = 5. Here Q = GL(V) or 0(V). Notice that S 3 (V C ) = 112a + 8a and 
S 5 {Vc) = 560a + 2- 112a + 8a over S (where 560a is some irreducible character of S or 
degree 560, similarly for 112a and 8a). Moreover, 560a and 8a are irreducible modulo 
5, and 112a(mod 5) = 104a + 8a. If Q = GL(V) then S 5 (V) = L(5w 1 ) + L(3ro 1 + 07 2 ) 
as a (/-module, and so L(3wi+W2) Is— 560a+2-104a+2-8a and therefore L(3wi+'CU2) 
is reducible over G. If Q = 0(V) then S 5 {V) = S 3 {V) + L(5tJ7i) + L{3w 1 + w 2 ) as 
a ^-module, and so L{3wi + zu 2 ) Is— 560a + 104a and therefore L(3zux + zxj 2 ) is 
reducible over G. 

Case: S = U 4 (3). If d > 26 then d 4 > 11440 > D and so M'%{Q) fail. Assume 
d > 32, then c/3 > 4480. By Lemma f3. 121 V® 3 contains a ^-composition factor W of 
dimension > d 3 . If £ = 2, then some S'-constituent {7 of W is acted on by 3\S or 325*, 
whence G-composition factors of U ] G have dimension < 3780 and so G is reducible 
on W. If t > 3 then we can take W = X(V) with X e {A 3 , S 3 }. Now 3 (Mult(5)) 
acts trivially on some S'-constituent U of X(V), whence W is acted on by 45* and 
so G-composition factors of U ] G have dimension < 2560, and again G is reducible 
on W. Thus M 6 (G) fails if d >_32. Assume V satisfies M' 4 (Q). By Proposition EZ3 
S is irreducible on V, so S = S or 2S 1 . Notice that S has an element i of class 3v4 
which lifts to an element t G S of order 3, and TV := No((t)) has index 280 in G. 
If 3 divides l-Z^S")! then (since Z(S) acts scalarly on V) Q = GL(V), so Proposition 
I3.11( i) applies to N. If (IZ(S')I, 3) = 1, then S is a quotient of SUi(3), in which case 
by Proposition 17. 11 Proposition 13. lit i) . (ii) applies to N. It follows in particular that 
M±(Q) fails if d > 30. Checking through the FG- representations of dimension < 31 
we see that both M^(Q) and Mq(Q) fail unless d = 6. Assume d = 6. Then Mq(Q) 
holds if £ 7^ 2, 3, and M 4 (^) holds if £ 7^ 3. However, G is reducible on L(4tui) and 
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L(3wx + 2zu 5 ) if £ > 3, and G is reducible on L(3wi) and L{2w\ + vo 2 ) if £ = 2. Thus 
M' % (Q) and M 10 (G) fail. 

The following tables list results for small nearly simple groups. In the column for 
M 2 k(G), + means M 2 k(G) holds and — means it does not. In the column for M±(G), 
if Mi(G) holds then we also indicate the values for the corresponding triple (d, S,£). 
In this case, we find the largest k such that M 2 k(G) holds for the FG-module V of 
this dimension d and indicate a smallest of the corresponding groups G in place of 
S. This G may be larger than S. For instance, in the third row for A 6 in Table III, 
Mq{Q) holds for G = A 6 ■ 2 X but not for A 6 . The notation for outer automorphisms 
is taken from |Atlasj . 

Table III lists all G-modules V, where S/Z(S) = A n , V satisfies M' 4 {Q) if n > 9 and 
V satisfies either M±(G) or Mq(Q) if 5 < n < 8. We also assume that d := dim(V) > 4 
(which excludes a few representations of degree 2, 3, of 2A 5 and 3A 6 . See also 
Theorem 12. 121 in this regard). "Natural" means that S = A n , either d = n — 2 and 
£\n or d = n — 1 and £ = 2, and V Is is the heart of the natural permutation module 
(that is, labeled by (n — 1, 1)). 

Table III. Groups G with S/Z(S) = A n , n > 5, in dimension > 4 



S/Z(S) 


M 4 (£) 


M 6 (g) 


M 8 (G) 


M 10 (G) 


A n 


natural 








A 6 
A 6 
A 6 
A 6 


(4,A 6 -2 1 ,2) 
(4,A 6 ,3) 

(4,A 6 -2 1 ,0) 
(4,A 6 ,5) 


+ 


+ 




A 7 
A 7 
A 7 
A 7 


(6, 6A 7 , 0) 
(4, A 7 , or 7) 
(4, A 7 , 3 or 5) 

(4,A 7 ,2) 


+ 






A 8 


(4,A 8 ,2) 








A 9 
A 9 
A 9 


(8,A 9 ,2) 
(8,A 9 ,0) 
(8, A 9 , 5 or 7) 


+ 






Aio 


(8,A 10 ,5) 
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Table IV. Groups G with S/Z(S) being a sporadic finite simple group: Modular 



S/Z(S) 


M 4 (£) 




71 /T ( /~>\ 


71 /T / S~> \ 

Mi (£) 


Mi 2 {Q) 




Mn 


(10, Mn, 2) 


— 


— 


— 


— 


— 


Mi 2 


(10,Mi 2 ,2 or 3) 


— 


— 


— 


— 


— 


M12 


(10, 2Mi 2 , ^2,3) 


— 


— 


— 


— 


— 


Ji 


— 


— 


— 


— 


— 


— 


M 22 


(6,3M 22 ,2) 


— 


— 


— 


— 


— 


M 22 


(10,2M 22 ,7) 


+ 


— 


— 


— 


— 


M 22 


(10,2M 22 ,^2,7) 


— 


— 


— 


— 


— 


J 2 


(6,2J 2 ,0) 


+ 


+ 


+ 


— 


— 


«/ 2 


(6,2J 2 ,3 or 7) 


+ 


+ 


— 


— 


— 


J 2 


(6,2J 2 ,5) 


+ 


— 


— 


— 


— 


h 


(6,J 2 ,2) 


— 


— 


— 


— 


— 


M 23 


(21,M 23 , 23) 


— 


— 


— 


— 


— 


M 23 


(45,M 23 ,0 or 7) 


— 


— 


— 


— 


— 


HS 


— 


— 


— 


— 


— 


— 


h 


(18,3J 3 ,0 or 5) 


+ 


— 


— 


— 


— 


h 


(18,3J 3 ,17 or 19) 


— 


— 


— 


— 


— 


M 24 


(22,M 24 ,3) 


— 


— 


— 


— 


— 


M 24 


(45,M 24 ,0,7, or 23) 


— 


— 


— 


— 


— 


McL 


(21, McL, 5) 


— 


— 


— 


— 


— 


McL 


(22, McL, / 3,5) 


— 


— 


— 


— 


— 


He 


— 


— 


— 


— 


— 


— 


Ru 


(28, 2Ru,^ 5) 


— 


— 


— 


— 


— 


buz 


(12, 66-uz, 7^ 2, 3) 


+ 










Suz 


ZDUZ, O J 


1 










Suz 














O'N 


f342 3(9' AT D or 19) 












Co-x 


(22,CW2) 












C03 


(23, Co 3 ,/ 2,3) 








_ 


_ 


Co 2 


(22, Co 2 , 2) 

















Co 2 


(23, Co 2 , + 2) 


+ 


— 


— 


— 


— 








— 


— 


— 


— 


HN^ 




























Th® 




























Co^ 










































BMW 





























62 



ROBERT M. GURALNICK AND PHAM HUU TIEP 



Table V. Groups G with S/Z(S) being a "small" group of Lie type: 
Cross-characteristic case in dimension > 4 



S/Z(S) 


i "4 V" / 


Mr (G) 


M« (G) 


Mm (G) 


L 2 {7) ~ L 3 (2) 










^2(H) 










L 2 (13) 


(6,L 2 (13),2) 










(6,6-L 3 (4) -2i,0) 


■ 


— 





r / /i \ 

^3(4) 


(6,2-L 3 (4) -2i,3) 


+ 






£3(4) 


(6,6-L 3 (4),5 or 7) 





— 





^(4) 


(8,4! • L 3 (4),0 or 5) 








^(3) 


(6, C/ 3 (3) • 2, 0) 


■ 








(6,1/3(3), 2 or 7) 








1/4(2) ~ PSp 4 (3) 


(5,C/ 4 (2),3) 


+ 






1/4(2) ~ PSp 4 (3) 


(5, C/ 4 (2), or 5) 








1/4(2) ~ PSp 4 (3) 


(6,C/ 4 (2),^ 3) 








C/4(3) 


(6,6! • C/ 4 (3),^ 2,3) 


+ 






1/4(3) 


(6,3i • C/ 4 (3),2) 










(10, (2 x 1/5(2)) • 2,^ 2,3) 


+ 






T T Zo\ 

1/5(2) 


(ID, 1/5(2), 3) 








tt (n\ 
t/5(2) 


1 rr roA / n\ 
(ll,t/ 5 (2),^ 2,3) 








rr roA 
t/e(2) 


(21,3 • U 6 {2),y£ 2,3) 








rr /oa 
t/6(2) 


/01 rr /oA qA 
(21,t/ 6 (2),3) 








rr /oA 

f/6l^J 


/oo rr /oA _/ 








Cr> //I A 


(18, (/I X >bp 4 (4JJ • 4, ^ 2, dj 








/oA 


/7 C-n /OA -J- OA 








O+/0A 
"8 ( 2 J 


/& O+/OA ^ OA 
(8, 2 ii 8 (ZJ, ^ I) 


1 


















(14, *£ 2 (8)-3,0) 








d D 4 (2) 










G 2 (3) 


(14,G 2 (3),^3) 








C 2 (4) 


(12,2-G 2 (4)-2,^2,5) 


+ 






G 2 (4) 


(12,2-G 2 (4),5) 








^4(2)' 


(26, 2 F 4 (2)',0 or 13) 








F 4 (2)W 


(52,2-F 4 (2)-2,^2,3) 


+ 






F 4 (2)«) 


(52,2-F 4 (2),3) 








2 ^ 6 (2)^ 











Table IV lists results in the modular case of sporadic groups. For 10 large sporadic 
groups (Fi 2 2, HN, Ly, Th, Fi 23 , Coi, J 4 , Fi 24 , BM, M), we only prove that for 
some k < 6, M 2 k(G) can never hold for FG-modules in the modular case; these cases 
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are marked with ®. For the 16 smaller sporadic groups, we list all modules which 
satisfy either M^(Q) or Mq(Q). (Notice that complex modules for sporadic groups 
that satisfy M±(Q) have been classified in Theorem 11.51 ) 

Table V list all modules of dimension > 4 which satisfy either M^(Q) or Mq(Q) for 
small groups of Lie type (except for the cases of -F 4 (2) and 2 E 6 (2), where we only 
show that M 8 (Q) and M W (Q) both fail; these two cases are distinguished by ™). 
Notice that the cases S/Z(S) ~ A n with n = 5, 6, 8 are already listed in Table III. 

In Table VI we list all groups G (with no composition factor belonging to E\ U £%) 
that satisfy M' A (Q) but not M±(Q). In all these cases, Q = GL(V), and it turns out 
that M 6 (£) and M' & {Q) fail. 



Table VI. Examples where M' 4 (Q), but not M 4 (£), holds 



S/Z{S) 


(d,G,£) 






A 7 


(6, 6 ■ A 7 , 5 or 7) 








(8,4i-L 3 (4), 3 or 7) 






2 B 2 (8) 


(14, 2 E 2 (8) ■ 3,5 or 13) 






*F 4 (2)' 


(26, 2 F 4 (2)',3 or 5) 






M n 


(5,M n ,3) 






M 12 


(6,2-M 12 ,3) 






M 12 


(10,2-M 12 ,3) 






M 22 


(10,M 22 ,2) 






M 23 


(11,M 23 ,2) 






M 23 


(45,M 23 ,11 or 23) 






Js 


(9,3- J 3 , 2) 






Js 


(18,3- J 3 , 2) 






M 24 


(H,M 24 ,2) 






M 24 


(45,M 24 ,11) 






Ru 


(28,2i?u,5) 






O'N 


(342,30'iV,5,7,ll, or 31) 







9. Proofs of Main Theorems 

Lemma 9.1. Let Q = Sp(V) with V = ¥ 2n , i = 2. Assume Q > G > nf n (q) 
for some even q. Then G is irreducible on every Q-composition factor of V® k with 
k < min{g, n — 1}. Moreover G satishes M 2 k{Q) for any k < min{g — 1, n — 1}. 

Proof. Let k < min{g,n — 1}. First we show that H := VL^ n {q) is irreducible on any 
^-composition factor W = L[w) of V® k . 

1) Clearly, w = Y17=i ZiWi ls a dominant weight occuring in V® k , so w = kw\ — 
x i a i f° r some nonnegative integers z^Xi. Here a\ y . . . , a n are the simple roots, 
and zui, . . . ,w n are the corresponding fundamental weights. In particular, a\ = 
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2w\ — tU2, ctj = —Wi_i + 2wi — Wi + i for 2 < i < n — 1, and a n = — 2'Zi7 n _i + 2ro. 
One checks that 



We claim that tz t < k for 1 < t < n. Indeed, f!9.1j) implies that Xt-\ > Zt, x t -2 > 
2z t , . . ., and x\ > (t — l)z t . Now (|9.2|) yields k > X\ + {x\ — x 2 ) > (£ — l)z t + z t = tz t , 
as required. In particular, t < k if Zt > 0. 

We also claim that either = gcui and k = q, or Zi < q — 1 for all Indeed, if 
z > 2 then 2^ < izi < k < q, whence Zi < q. Assume Z\ > q. Since Z\ < k < q, 
we must have k — q — Z\. In this case, (j9.2j) implies = x\ = x\ — x 2 , whence 
— Xi = for all i > 2 by (j9.1|) . i.e. Xi = for all z and so = gt^. 

2) Now we decompose w = YliLo^K, where all Aj are restricted weights. Since 
k < n, the results of 1) imply that Aj does not involve w n . Thus the simple (/-module 
L(Aj) is a restricted irreducible representation of 7i := fl(V) by the results of [52*] . 
Notice that cu, = 7Tj for i < n — 2 and ccj„_i = 7r ra _ 1 + 7r n , where 7Ti, . . . , 7T n are the 
fundamental weights of H. 

If k = q and = qzu\, then = is irreducible over H. Otherwise 

z% < g — 1 for all i by the results of 1). In this case, w = J2i=o ^Aj if q = 2-^, and so 
L(w) l H ~ (®{~oL(\i)^ in) Ih is irreducible over H by [EH Thm. 5.4.1]. 

3) Finally, if we take k < min{g— 1, n— 1}, then for any dominant weight oj occuring 
in V® k we have G7 = Y2i=i z i w i with < Zi < q and z n = 0. In terms of fundamental 
weights of H, we have w = Y^=i Zi1Ti + z n-i{^n-i + ^n)- So if L{w) and L{zu') are 
two distinct ^-composition factors of V® k , then they are also nonisomorphic over Ti, 
and over H, meaning H satisfies M 2 k{Q)- D 

Assume £ = 2. Lemma l9~Tl shows that only irreducible modules L{w) of S'p(V) 
with w involving the last fundamental weight w n can detect the subgroups of 0(V) 
inside Sp(V). Notice that the spin module L(zu n ) is reducible over Q(V) but irre- 
ducible over 0(V). The next lemma gives examples of such L(w). Another way to 
detect subgroups of 0(V) inside Sp(V) is to view S , p 2n (F) as S , 2n +i(IF') and use the 
indecomposable module F 2n+1 (observe that this module is semisimple over 0(V)); 
see Lemma fl 1.31 b elow . 

Lemma 9.2. Let £ = 2, V = ¥ d with d = 2n > 6. Then 0(V) is reducible on both 
Sp(V)-modules L{w\ + w n ) and L(Y^ =1 ^i)- 

Proof. Let 7i 1 ,...,7i n be the fundamental weights of the subgroup H = Q(V) of 
Sp{V). First we consider U := L{w\ + w n ) ~ L{vj\) <8> L(zu n ), of dimension 2 n+1 n. 



n 



(9.1) 





2x i — X2 = k — z\. 
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Then L{voi)\u — L{txi) and L(o7 n )|^ = L(7r n _i) © L(ir n ), whence U\n contains a 
subquotient Lfa + n n ). Direct calculation using Weyl's character formula (cf. |FH, 
p. 410]) shows that the dimension of the Weyl module of 7i with highest weight 
7Ti + 7r n is 2 n_1 (2n — 1). In particular, dim(L(7r 1 + 7r n )) < dim(C/)/2, so U is reducible 
on 0{V) = H.2. 

Next we consider W := L(Y%=i w i) — ^(1^=1 ^i)®L{w n ). Then L(Y%=1 m)\n = 
L(Y^ = i 7T») has dimension 2 n(n_1 ). As above L(ro n )| w = L(7r n _ 1 )©L(7r n ), so W\h con- 
tains a subquotient A := £(vr n + XT=i n i) — -^(7)®-^( 7r n-i) (2) with 7 := Y%=1 ^i + ^n- 
Let /(n) be the dimension of the Weyl module with highest weight 7. Again using 
Weyl's character formula we see that /(3) = 20 and f{n + l)//(n) = 10 Utll ife 1 
for n > 3. Observe that 

ni6^ < ni6^<n( i +5^j <exp ^5*5 h^u-sj-^ 1 ' 14 ' 

fc=2 fc=2 fc=2 v 7 \fe=2 / V 7 

whence f(n + l)//(n) < (11.4) ■ 4 n ~ 2 < 4 n . From this it easy follows that /(n) < 
2 «(n-i) / 7 for all n > 5 _ Now f or n > 5 we h ave dim(A) < 2 n - 1 -2 n ( n - 1 ) /7 < dim(W) /2, 

so is reducible on 0(V). The cases n = 3,4 also follow easily. □ 



Proofs of Theorems 11.51 and 11.61 As we have already mentioned, Theorem 11.51 
is a direct consequence of Theorems 11.11 and 12 . 1 11 In turn, Theorem 11.61 follows from 
Theorem 11.51 and Propositions 15.31 17.71 17.111 

Proofs of Theorems 12.91 and 12.111 Assume G is a closed subgroup of Q that 
satisfies the assumptions of Theorem 12.91 resp. 12.111 First we assume that G is of 
positive dimension. Then the results of 2] show that either case (A) of Theorem 12.91 
holds, or Q = Sp(V), d = 6, £ = 2 and G = G 2 {¥). In the latter case, observe that the 
^-module L(zu 3 ) is reducible on G, and so is L{w\ + -073) ~ L{w\) ® L(zu 3 ), whence 
M$(G) fails. The same happens to the subgroup 0(V) of Sp(V) if £ = 2 and d — 6: 
over Q(V) (and also over Q,f(q)) the Sp(V)-module L{w\ + w 3 ) has two composition 
factors of degree 10 and two of degree 4. Also, if d = 8 then the spin module L(a7 4 ) 
of Sp(V) is irreducible over 0(V) but reducible over Q(V). Next we may assume 
that G is finite. The results of reduce the problems to the cases considered in §^SJ 
El whence one of the possibilities formulated in Theorem 12.91 resp. 12.111 has to 
occur. It remains to verify which possibilities do indeed happen. 

It is easy to see that the case (A) of Theorem 12.91 occurs. Next we show that the 
cases (i) - (v) of Theorem !2.9f B) do occur if we take q > 4. Let n = rank(^). Then 
all ^-composition factors of V ® V* and V® k with k < 4 have highest weights kw\ 
or Yl7=i a i w i w ^h < a, < 2. Hence all of them are irreducible over G provided 
q > 4, cf. [ELI Thm. 5.4.1] (notice that L{Aw x ) ~ V {i) when q = 4). Similarly, G is 
irreducible on all ^-composition factors of V (S> V* for any q. 
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Now we show that G is reducible on L((q + if q = 2, 3. If S — SUd(q), Spd(q) 

or Q d (q), then V^ q ' ~ V*, whence L((q + l)zui) [ s contains lg and so L((q + l)zui) is 
reducible over G. If q = 3 and S = SLd(q), then V^ 9 ) ~ V, whence L((q+ I)u7i) is is 
the direct sum of two irreducible S'-modules A 2 (V) and S 2 (V) of distinct dimensions, 
whence L((q + l)zui) is reducible over G. If q = 2, d > 4, and S = SLd(q), then 
~ y ; whence L((g + l)tx7i) |g contains irreducible S'-modules A(V) and V of 
distinct dimensions, whence L((q + l)wi) is reducible over G. (Notice the case of 
SL 3 (2) is not included as we assume d > 3.) Assume S = ^D±(q). Then L((q+ l)w\) 
has dimension 64. Notice that |Out(S)| = 3, and irreducible g-Brauer characters of 
S all have degree ^ 64 as they come from restricted ^-modules. Hence G is reducible 
on L((q + l)u7i). 

Finally, we have mentioned in §3310113 and|Hl that the cases (C) - (F) of Theorem 
12.111 give rise to examples. 

Proof of Theorem 11.41 Assume G < Q, G° is reductive, and M 8 (G, V) = 
M 8 (G,V). Then M 2k {G,V) = M 2k (G,V) for k < 4 by Lemma O Since G acts 
completely reducibly on finite dimensional ^-modules, we see that G satisfies M±{Q), 
Mq(Q), and M 8 (Q). Thus G satisfies the assumptions of Theorem 12.91 By Theorem 
11.11 we may assume that G is finite. Notice that t = 0, so case (B) of Theorem 12.91 
cannot occur. Case (D) cannot occur either, see Table I and Lemma [7.151 Case (C) 
gives rise to an example (and in this case even M 10 ({?) holds true). 

Proof of Theorem 11.71 

1) Define fi(g) to be the largest possible dimension of g-eigenspaces on V. We need 
to show that fj,(g)/d < 7/8 with equality occuring only for G = 2 • 0%(2) < 8 (C). 
Consider any g G G\Z(Q). Then fi(g) < d — 1; in particular we are done if d < 7. 
From now on we may assume d > 8; in particular, G D Z(Q) = Z(G) by Proposition 
13.71 We can now apply Theorem 11.51 to G. Another reduction is provided by using 
the function a(x) defined in |CSj : for a finite simple group S and x G Aut(S'), let 
ot(x) be the smallest number of Aut(S)-conjugates of x which generate the subgroup 
(S,x). Assuming G is nearly simple and S := S/Z(S) as in Theorem 11.51 one can 
show that fj,(g)/d < 1 — l/ct(g), cf. [GT2l Lemma 3.2]. For all the groups listed 
in Table I, it turns out that ct := max{o;(x) | x G G \ Z(G)} < 7, except for 
the three cases S G {fig (2), A 9 , F 4 (2)}. In the first case we have fi(g)/d = 7/8, 
G = 2 • 0+(2) < O g (C) (and g is an involu tion ou tside of [G, G] = 2 • n+(2)). In 
the last two cases direct computation using [Atlasj shows that fj,(g)/d < 7/8. Thus 
we need to consider only the cases (B) and (C) of Theorem 11.51 Let \ denote the 
character of the G-module V. Representing the action of g on V by a diagonal 
matrix and computing the trace, we see that |x(flOI > M^O — (d — fi(g)), with equality 
occuring only when g has only two distinct eigenvalues A and —A on V. Thus, 



(9.3) 



n(g)/d<(\ X (g)\/d+l)/2, 
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with equality occuring only when g has only two distinct eigenvalues A and —A on 
V. In what follows we will also assume that ct > 8. 

2) Here we consider the case (C) of Theorem 11.51 By |G Tl| Lemma 2.4], < 

p a-l/2 = j t follows by (J^) that n(g)/d < (l/v%+l)/2 < 7/8. 

3) Next we turn to the case (B) of Theorem 11.51 and assume S = PSp 2n (.q) with 
q = 3,5. With no loss we may assume G = S. Suppose that g is not a 2-element. 
Then by [HT2l Lemma 4.1], /i(g) < (q n + q n ~ l )/A + 7 and d = (q n - l)/2 + 7, with 
7 e {0,1}. Since a > 8, n > 4 by |UE|- Hence (Q implies that < 0.7, 
and this last inequality holds for any non-2-element in G. Next assume that g is a 
2-element. Then by |OT2l Lemma 3.4], n(g)/d < (1 + 0.7)/2 < 7/8. 

4) Finally, we turn to the case (C) of Theorem II .51 and assume S = U n (2). Since 
a > 8, n > 8 by |GSj . Observe that the Weil modules of S extend to GU n {2). First 
we consider any element h G GU n (2) \ Z(GU n (2)). Consider the natural module 
W := ¥2 for GU n {2) and let e(h) := max{dim(Ker((/i|iy - &))) \ i = , 1,2}, where 
5 is a primitive element of F4. Assume e(h) < n — 2. Then using |TZ2|. Lemma 4.1] 
one can show that \x{h)\ < {2 n ~ 2 + 5)/3. Since d > (2 n - 2)/3, by (Q we obtain 
that fi(h)/d < 0.64. Next assume that e(/i) = n — 1. Then [TZ2, Lemma 4.1] again 
implies that < (2 71 " 1 + 3)/3, whence fi(h)/d < 0.76. 

Assume c? = (2 n — (— l) n )/3. Then the involutive outer automorphism r of S 
inverts an element t £ SU n (2) represented by the matrix diag(5, 5, 5, 1, . . . , 1) on V 
but x(^) 7^ Thus is not stable under r, so without loss we may assume 

G < Z ■ GU n {2), whence fi(g)/d < 0.76 as shown above. 

Finally, we handle the remaining possibility d = (2 n + 2(— l) n )/3. Recall we have 
shown that fi(h)/d < 0.64 if e(h) < n - 2. Again consider any h e GU n (2) \ Z(G) 
with e{h) =7i-l. Applying jTZTl Lemma 4.1] we get x(h) = ±{{-2) n - 1 + (3)/3 
with (3 = 2 or -1. Assume f3 = -1. Then \x(h)\ = {2 n ~ l + (-l) n )/3 = d/2. In this 
case, 11(h) jd < 3/4 by (|9.3p (here the equality cannot hold as otherwise h 3 cannot act 
scalarly on V, contrary to the containment Z(GU n (2)) 3 h 3 ). If /3 — 2, then notice 
that hZ(G) is a 2-element in G/Z(G) (in fact h is a transvection modulo scalars). 
Thus we have shown that fi(h)/d < 3/4 if hZ(G) is not a 2-element in G/Z(G). 
Applying |GT2t Lemma 3.4], we get fi(g)/d < (1 + 3/4) /2 = 7/8, which completes 
the proof of Theorem 11.71 

10. Larsen's Conjecture for Small Rank Groups 

Throughout this section, F is an algebraically closed field of characteristic I and 
V = ¥ d . 

Lemma 10.1. Let Q = SL(V), £ > 0, and let q be a power of£. Let G be a subgroup 
of Q that is irreducible on V. 

(i) The G-modules V and are isomorphic if and only if some Q-conjugate of 
G is contained in SL d (q). 
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(ii) The G-modules V* and are isomorphic if and only if some Q -conjugate of 
G is contained in SUd(q)- 

Proof, (i) Assume V\q ~ V^l^. Consider the Frobenius map F : x i— ► x^ that 
raises any entry of the matrix x G Q to its g th -power. Then there is some x G Q such 
that xgx~ x = F(g) for any g G G. By the Lang-Steinberg Theorem, one can find 
y G Q such that y~ l F{y) = x. It follows that ygy~ x is F-stable for any g G G, i.e. 
yGy^ 1 < G F = SL n (q). The converse is immediate. 

(ii) Argue similarly as in (i), taking F : n-> (*a; -1 )w. □ 

Now we proceed to prove Theorem 12.121 We will use the notation for fundamental 
weights of G, as well as the dimensions of restricted irreducible (/-modules as given 
in |Lu2j ; in particular, V = L{wi). 

Lemma 10.2. Theorem \2.12i is true if G is a positive dimensional closed subgroup. 

Proof. It suffices to show that if dim(G°) > and G satisfies M 6 (G) H M 8 (G) then 
G = G ■ Assume the contrary: G < Q. If Q is of type Ai or then we get an 
immediate contradiction by Theorem 14. 3[ since G is irreducible on A(V). Notice 
that Mq{Q) fl Ms(G) implies G is irreducible on V. (Indeed, M e (G) implies G is 
irreducible on L{3w x ) which is V ® F (2) if £ = 2. If £ ^ 2, then M 8 (Q) implies 
M 4 ((?), so G is irreducible on L(2vj\) = S 2 (V), whence G is irreducible on V). But 
the unipotent radical of G° fixes some nonzero vector of V, hence G° is reductive. 
Since the connected component of Z(G°) acts scalarly and faithfully on V and Z(Q) 
is finite, we see that G° is semisimple. In particular, Q cannot be of type A\. Thus 
G = Sp4 (F) and G° is of type kA 1 with k = 1,2. If I ^ 2 then G is irreducible on 
the adjoint module for (/ which has dimension 10. On the other hand, G fixes the 
adjoint module for G°, of dimension 3k. So I = 2. In this case, the G-composition 
factors on the adjoint module for G are of dimensions 4 and 1. Hence k = 2, and the 
G°-module V decomposes as A ® _B with dim(A) = dim(_B) = 2. Since A 2 (A) and 
A 2 (B) are of dimension 1 and and are irreducible, we must have /\ 2 {V)\g° = 
A® ^ A 2 (B) + B^ ® A 2 (A). Thus 

(F (2) «)A 2 (y))| G o = (A (4) +2A 2 (A (2) ))®5 (2) ®A 2 (5) + (5 (4) +2A 2 (5 (2) ))®A (2) ®A 2 (A). 

Thus L(2iui + c^2)|g° has composition factors of distinct dimensions 4 and 2, so G is 
reducible on L{2w\ + K7 2 ), contrary to M 8 (G)- □ 

From now on we may assume that G is a finite subgroup of G- In the case I = 0, 
we may choose a prime p that does not divide |G| and, by reducing V modulo p, 
embed G in the algebraic group G P in characteristic p, of the same type as of G- It is 
easy to see that, the irreducible modules of G and G P with the same highest weight 
o^iUJi and a, all bounded by a constant G have the same dimension, provided we 
choose p large enough comparatively to G. In particular, G satisfies Mq(G) H Mg(C?) 
if and only G satisfies M 6 ((? p ) fl M 8 ((? p ). Hence without loss we may assume £ > 0. 
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Case I: d — 2. Here Q = SL(V). Since G is finite, we can find a smallest power q 
of £ such that G < SL 2 (q). 

Assume G is irreducible on S 2 (V) and S 4 (V) if £ > 5, on S 2 (V) if £ = 3, and G 
satisfies M 6 (Q) R M 8 ({?) if £ = 2. We prove by induction on (SL 2 (q) : G) that either 
O l (G) = SL 2 (r) for some r\q, or G = SL 2 (5) and £ ^ 2,5. The induction base is 
clear. For the induction step, we can find a maximal subgroup M of SL 2 (q) that 
contains G. Clearly, G is irreducible on V. Moreover, G is primitive on V. (Indeed, if 
G preserves the decomposition V = A(B B with dim(A) = dim(B) = 1, then G has a 
proper submodule A® Bin S 2 (V) if £ > 3, A®A (2) ©£?<g>.B (2) in L(3roi) = V<8>V( 2 > 
if £ = 2.) Inspecting the list of maximal subgroups of SL 2 (q) as listed in |Klej . we 
arrive at one of the following possibilities. 

(a) M = SL 2 (q ) ■ k with q = q$, b a prime and k = (2, q — 1,6). Observe 
that the condition imposed on G is also inherited by H := G n SL 2 (q ). Since 
(SL 2 (q ) : ff) < (SL 2 (q) : G), we are done by the induction hypothesis. 

(b) q = £ > 3 and 2A4 < M < 2§4. This case is impossible as G is irreducible on 
S 4 (V) of dimension 5. 

(c) £ y£ 2, 5 and M = SL 2 (5). If G = M, we are done. Assume G < M. If £ > 5 
then the irreducibility of G on S^V) implies \G\ > 25, a contradiction. So £ = 3. 
Since G is irreducible on 5* 2 (^), we conclude that G = SL 2 (3). Thus the induction 
step is completed. 

Now assume that G satisfies Mq(Q) H Mg(^). Then we can apply the above claim 
to see that either conclusion (iii) of Theorem 12. 12l holds. or S := O (G) = SL 2 (r). In 
the latter case r > 4. (Otherwise L((r + l)o7i)|s = [V ®V {r) )\ s ~ (V ' ®V)\ S contains 
I5 and so G is reducible on L((r + l)rz>i).) Conversely, assume G satisfies either 
conclusion (iii) or (i) of Theorem 12.121 In the former case, direct computation shows 
that G satisfies M 6 (£)nM 8 (£) (moreover, if £ = 3 then G fails M lA {Q) as V® 1 D V m 
and so L(7wi) and L(5cc7 1 ) are inside V^® 7 ; however, L(7voi)\q ~ L(5ro 1 )| G ). Assume 
we are in the latter case. Notice that V = V* and all ^-composition factors of V® k 
with < k < 4 have highest weights raw\ with < m < 4. Hence G satisfies 
M 6 (^) n M 8 (g) if g > 5. If q = 4, then G = S 1 = 5L 2 (4). Since the ^-module 
decomposes as 1/^ + AV^ + 6L(0), G also satisfies M 6 (£) n M 8 (^). 

Case II: d — 4 and Q = Sp(V). Since G is finite, we can find a smallest power q 
of £ such that G < Sp±{q). 

Assume G is irreducible on L(zu 2 ) = /\ 2 (V) (dimension 5) and L{Aw\) = S^V) 
(dimension 35) if £ > 5, on ^(-072) = A (V) (dimension 5) and L(2wi+W2) (dimension 
25) if I = 3, on L(c7i + m 2 ) = V ® A 2 (V) and L(2^i + w 2 ) = V® g, A 2 (V) (both 
of dimension 16) if £ = 2. We prove by induction on (Sp^q) : G) that either 
O e '(G) = Sp A (r) for some r\q, 01 £ = 2 and G = 2 B 2 (r) with r > 8. The induction 
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base is clear. For the induction step, consider a maximal subgroup M of Sp±(q) that 
contains G. 

Claim that G is irreducible and primitive on V. Indeed, assume G is reducible on 
V. Since every G-composition factor of A 2 (V) has dimension < 4, the irreducibility 
of G on A (V) implies £ = 2. But then every G-composition factor of V © A 2 (V) has 

~ 2 

dimension < 12 and so G is reducible on V © A (V) of dimension 16. Now assume G 
acts transitively on the summands of a decomposition V = ©™ x Ai with dim(Aj) > 1 
and m > 2. First consider the case £ ^ 2 and let .fT be the kernel of the action of 

~ 2 

G on {Al, . . . , A m }. Since G/if < S m < § 4 and dim(A (V)) = 5, K is irreducible 
on A 2 (V). But obviously every composition factor of A 2 {V)\k = YliLi^i^-i) ® 
Ei<i<j< m ^« ® A? nas dimension < 3, a contradiction. Assume £ = 2 and m = 4. 
Then the G-module V ® A 2 (V) decomposes as the sum of ^ i<J<fc Ai © © (with 
multiplicity 3), and J2i<j Ai © Aj © (A4 © Thus every G-composition factor 

of V © A 2 {V) has dimension < 12 and so G is reducible on V ® A 2 (V). Finally, 
assume £ = 2 and m = 2. Since G is irreducible on V © A 2 (V) and A 2 (V)|g = 
(A 1 ©yl 2 )©(A 2 (yl 1 )©A 2 (yl 2 )), we must have ~A 2 (V)\ G = A X ®A 2 . But then V®A 2 (V) 
contains the G-submodule A 2 (Ai) ®A 2 + A 2 (A 2 ) © A\ of dimension 4, a contradiction. 

Now we can inspect the possibilities for M that act irreducibly primitively on V 
(as listed in |Klej ). If M = Sp^qo) ■ k with k — (2, q — 1, 6) and g = g^, then, since 
the conditions imposed on G are also inherited by G n Sp^qo), we are done by the 
induction hypothesis. If q is even and M = GOf(q), then V\ 

[m,m] = A® B for some 

modules A, B of dimension 2, and arguing as at the end of the proof of Lemma flU. 21 
we see that M is reducible on L(2w\ + w 2 )- Another possibility is q = £ > 2 and 
M = Ns P4 ( q )(E) with E = 2l_ +4 . Since the M-orbits on nontrivial linear characters 
of E have length 10 or 5, M is reducible on S 4 (V) if £ > 5 and on L{2w\ + w 2 ) if 
£ = 3. By the same reason M cannot be Aq or §6- If M = 2A7, then £ = 7 and M is 
reducible on S ,4 (K). There remain two possibilities for M. 

(a) M = 2 B 2 (q) with q > 8. Notice that the only maximal subgroups of M that 
can act irreducibly on L{w\ + ro 2 ) are 2 B 2 (q ) with q = q$ and g > 8. Inducting on 
(M : G) we conclude that G = 2 J B 2 (^) for some r > 8. 

(b) M is a cover of L 2 (q), £ > 5, and M acts irreducibly on V. Since 1/ is a 
symplectic module, V\m cannot be tensor decomposable, whence we may assume it 
is isomorphic to S 3 (U), where U is the natural module for 5X 2 (F). If w denotes 
the unique fundamental weight of SL 2 (¥), then any SX 2 (F)-composition factor of 
(S 3 (U)) m has highest weight kw with k < 12 and so it has dimension < 13. In 
particular, M is reducible on S A {V). Thus the induction step is completed. 

Now assume that G satisfies Mq(Q) n M%{0). Then we can apply the above claim 
to see that either G = 2 B 2 (r), or S := O e (G) = Sp^r). Notice that when £ = 2, 

V® 3 = AL{vjx) + 2L(w 1 + w 2 ) + L(3n7i), 
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V m = 36L(0) + 24L(ti7 2 ) + 8L(2^i) + 6L(2ro 2 ) + 4L(2roi + tu 2 ) + L{Aw{). 

So in the former case r > 32, as otherwise the distinct ^-composition factors L(4cc r 1 ) 
and L(w2) are isomorphic over M, contrary to M$(G). By the same reason, r 7^ 2 in 
the latter case. Assume r = 3. Then L{Awi)\ s = (V <8> K (3) )| 5 = (V ® V)ls 

contains 

I5, and so G must be reducible on L(Awi). Conversely, assume G satisfies either 
conclusion (i) or (ii) of Theorem 12.121 Notice that V — V* and all ^-composition 
factors of V® k with < k < 4 have highest weights aw\ + 6g7 2 with < a, 6 < 4. 
Hence G satisfies M 6 (£) n M 8 (£) if O^'(G) = S Pi (q) with g > 5 or G = 2 B 2 (q) with 
q > 32. The above decompositions for V® 3 and V"® 4 shows that Sp 4 (4) also satisfies 
M 6 (£) and M 8 (£). 

In what follows, SL e n (q) denotes SL n (q) if e = + and SU n (q) with e = — . 

Case III: d = 3 and £/ = S'L(V). Since G is finite, we can find a smallest power 
q of I such that G < SL e 3 (q) for some e = ±. 

Assume G is irreducible on + ro 2 ) = ^(V) (dimension 8 — 5 3i i) and, addi- 

tionally on L{2>vj x ) = ^(V) (dimension 10) if £ > 5. We prove by induction on 
(SLl(q) : G) that either £ (G) = SL 3 (r) for some r\q and a = ±, or £ = 2 and 
G > 3 1+2 : Q 8 , or i = 3 and G/Z(G) = L 2 (7), or £ ^ 3 and G > 3A 6 , or I = 5 and 
G>3A 7 . The induction base is clear. For the induction step, consider a maximal sub- 
group M of SL e 3 (q) that contains G. Applying Theorem l4.3l to G, we need to consider 
only the case G is almost quasisimple with soc(G/Z(G)) ^ Lie(£). Applying Theorem 
14.31 to M, we see that either M is almost quasisimple with soc(M/Z(M)) ^ Lie(£), 
or M = SL 3 (q ) ■ k with (3 = ±, q = q^ and n\(3,q 2 — 1,6). In the latter case we 
are done by the induction hypothesis, since the conditions imposed on G are also 
inherited by GnSL^(q ). Thus G and M are both almost quasisimple, with a unique 
nonabelian composition factor not a Lie type group in characteristic I. Now we can 
inspect the list of maximal subgroups of SL 3 (q) as given in [Klej and arrive at one 
of the following subcases. 

(a) M/Z(M) = L 2 (7) and t ^ 2, 7. Here, if t > 3 then M is reducible on S 3 (V). 
On the other hand, if I = 3 then G = M. 

(b) M = 3A 6 and i ^ 3, 5. Here, if G < M, then A 5 < G, whence G is reducible 
on A(V). Thus G — M. 

(c) M = 3A 7 or M = 3Mi and i = 5. Now the irreducibility of G n [M, M] on 
S 3 (V) forces either G = M = 3A 7 or G > 3A6. The induction step is completed. 

Now we assume that G satisfies Mg(Q) fl M 8 (C?) and apply the above claim to G. 
Assume G>N := 3 1+2 : Q 8 (so £ = 2). Then L(3cc7i)|iv = (V(g)V^)\ N = (V ®V*)\ N 
contains In, so G is reducible on L(3wi). The same argument applies to the case 
where G > 3A 6 and i = 2. If £ = 3 and G/Z(G) = L 2 (7), then G > L := L 2 (7), and 
L(4c7i)|z, = (V ® F (3) )|t = (V ® V*)\ L contains 1 L , so G is reducible on L{Aw x ). 
If £ > 5 and G > 3Ag or G = 3A 7 , then G cannot act irreducibly on L(2w\ + 2tu 2 ) 
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(of dimension 19 if £ = 5 and 27 if £ > 5). We conclude that L := £ '(G) = 
SL^(r) for some r\q and a — ±. Observe that r > 4. Indeed, if r = 2, then 
L(3ci7i)|i = (V <8> V^)|l contains 1^ if a — — , and contains L-composition factors 
of distinct multiplicities if a = +, so G is reducible on L(3wi). If r = 3, then 
L{Aw\)\l = (V Cg) V^ 3 ))|l contains L-composition factors of distinct dimensions, so 
G is reducible on L(4wi). Conversely, assume O l (G) = SL%(r) with 4 < r\q and 
a = ±. Notice that all ^-composition factors of V® k <8> (V*)®' with k + I < 4 have 
highest weights aroj + bzu 2 with a + 6 < 4. Hence G satisfies Mq{Q) fl M 8 ((?) if r > 5. 
Consider the case r = 4 and £ = 2. Here, all ^-composition factors of V® 3 , V® 2 <S> V"*, 
and l/® 2 <S> (^/*)® 2 have highest weights atuj + frt^ with < a, 6 < 3. Furthermore, 

V m = 8L(tJ7i) + 6L(2u7 2 ) + 4L(2u7x + gj 2 ) + L(4w 1 ), 

\/® 3 ® y* = 5L(2u7!) + 8L(uj 2 ) + 2L(c7i + 2ro 2 ) + L(3^i + B7 2 ). 

It follows that 5 , L r 3 (4) satisfies M 6 (£)nM 8 (£), but <SL 3 (4) fails M 8 (£) as L(4c7i) and 
L(c<7i) are isomorphic over 6X3(4). Notice that Lf := Ng(K) = K -3 for if := 6X3(4). 
It remains to show that if satisfies Mq{Q) fl M 8 ((?), which is equivalent to showing 
that L{Aw\) and L{w\) are not isomorphic over H. But the last statement holds by 
Lemma 110.11 

Case IV: d = 4 and = SL(V). Since G is finite, we can find a smallest power 
q of £ such that G < SX|(g) for some e = ±. 

Assume G is irreducible on L(cc;i + zu 2 ) = A(V) (dimension 15 — 62/) and addi- 
tionally, on L(4vji) = S^CV) (dimension 35) if £ > 5, on L{2{po\ + tu 3 )) (of dimension 
69) if £ = 3, on L(2u7i + ro 2 ) (of dimension 24) if £ = 2. We prove by induction on 
(SL\(q) : G) that either O e '(G) = SX£(r) for some r\q and a = ±, or G/Z(G) = A 7 . 
The induction base is clear. For the induction step, consider a maximal subgroup M 
of SL\{q) that contains G. Applying Theorem 14. 31 to G, we need to consider only the 
case where G is almost quasisimple with soc(G/Z(G)) Lie(£). Applying Theorem 
14.31 to M, we see that either M is almost quasisimple with soc(M/Z(M)) Lie(£), or 
M = 5L4 (go) • K with j3 = ±, q = q$ and k is a 2-power. In the latter case we are done 
by the induction hypothesis, since the conditions imposed on G are also inherited by 
G H SL^(qo). Thus G and M are both almost quasisimple, with a unique nonabelian 
composition factor not a Lie type group in characteristic £. Now we can inspect the 
list of maximal subgroups of SL € 3 (q) as given in f.Kle] and arrive at one of the following 
subcases. Notice that the irreducibility condition on G implies \G/Z(G)\ > 24 2 . 

(a) M/Z(M) = A 7 and q = £ ^ 7. Clearly, G = M by order. 

(b) M = Sp4(3) and q = £ 7^ 2, 3. But in this case M is reducible on S (V). 

(c) M = 4L 3 (4) and q = 3. In this case M is reducible on L(2(vj\ + ro 3 )). The 
induction step is completed. 
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Now we assume that G satisfies Mq(Q) D M 8 (Q) and apply the above claim to G. 
Assume G/Z[G) = A 7 . If £ > 3, then dim(L(2(ti7 1 -|-'CC73))) > 69 and so G is reducible 
onL(2(wi+w 3 ))), contrary to M 8 (Q). If £ = 2, then V® 3 ®V* contains L(3ro!+ro 3 ) of 
dimension 56, and so G cannot satisfy M$(G). Thus L := O e (G) = SL%(r) for some 
r\q and a — ±. Observe that r > 4. Indeed, if r = 2, then L(3wi)\ L = (V <8> V^)|l 
contains L-composition factors of distinct dimensions, so G is reducible on L(3wi). 
By the same reason, if r = 3 then G is reducible on L(4w\). Conversely, assume 
O e '(G) = SL%{r) with 4 < r\q and a = ±. Notice that all ^-composition factors of 
y®k g, (y*)®i wit h £ + ; < 4 h ave highest weights atui + huj-i with a + 6 < 4. Hence 
G satisfies Mq(Q) Pi M 8 (^) if r > 5. Consider the case r = 4 and £ = 2. Here, all Q- 
composition factors of V® 3 , V® 2 (g> V*, and K® 3 ® have highest weights aw\ + 6ct7 2 
with < a, 6 < 3. Furthermore, 

V m = 8L(0) + 6L(2ro 2 ) + 4L(2 roi + w 2 ) + 8L(iu 1 + w 3 ) + L(4tJ7i), 

\/® 2 ®(K*) 02 = 10L(0)+8L(w 1 +w 3 )+2L(2w 1 +w 2 )+2L(w2+2w 3 )+AL(2w 2 )+L(2(vj 1 +w 3 )). 

It follows that SLf (4) satisfies M 6 (£) n M 8 (^). 
Theorem 12.121 has been proved. 

11. Generation Results 

We first note the following well known result. 

Lemma 11.1. Let F be an algebraically closed field and V a finite dimensional vector 
space over F of dimension d. 

(i) Let TZk, r {V) be the set of r-tuples of elements in GL(V) that fix a common 
k-dimensional subspace. Then TZ^iV) is a closed subvariety of GL(V) r . 

(ii) T r (V) := {(<7i, • • • , g r ) ^ GL(y) r \ (g±, . . . , g r ) is irreducible on V} is an open 
subvariety of GL(V) r . 

Proof. The set in (i) is the set of r-tuples having a common fixed point on a projective 
variety (the Grassmannian) and so is closed. The set in (ii) is the complement of a 
finite union of closed sets. Alternatively, the complement of the second condition is 
that the dimension of the F-subalgebra of End(V^) generated by the is less than 
d 2 . This is given by setting certain determinants equal to 0, a closed condition. □ 

In particular, if V is a G-module, we intersect the sets above with G T to obtain 
closed and open subvarieties of G r . We will abuse notation and use the same notation 
for the intersection of the sets above with G r when we are talking about G-modules. 

Using results about generation, we easily obtain: 

Lemma 11.2. If Q is a connected group, V is irreducible and r > 1, then 2 r (V) is 
a nonempty open subset of Q r (and in particular it is dense). 
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Proof. There is no loss in extending F if necessary and assume that F is not alge- 
braic over a finite field. We then use the fact that every semisimple algebraic group 
can be topologically generated (in the Zariski topology) by two elements (see [H]). 
Alternatively, in positive characteristic, we can use the result of Steinberg jHtj that 
every simple finite Chevalley group can be generated by 2 elements. □ 

It is sometimes convenient to use an indecomposable module to detect generators 
for our group (a particularly useful case is the orthogonal group inside the symplectic 
group in characteristic 2). We restrict attention to multiplicity free modules (i.e. 
those modules where each composition factor occurs precisely once). 

Lemma 11.3. Let Q be a semisimple algebraic group and V a multiplicity free 
rational Q-module. Let r > 1. The set T> r (V) of r-tuples of elements in Q that have 
the same invariant subspaces on V as Q is a non-empty open subvariety of Q r . 

Proof. We induct on the composition length of V as a (/-module. We have already 
proved this for simple modules. Note that the multiplicity free assumption implies 
that there are only finitely many (/-submodules inside V. 

Consider the case of length 2. We will show that T> r (V) is the set of r-tuples that 
generate the same algebra in End(V). This is clearly an open condition (and non- 
empty since Q can be topologically generated by two elements - if necessary passing 
to a field that is not algebraic over a finite field). 

Clearly, any r-tuple that generates the same algebra leaves invariant only those 
subspaces that are (/-invariant. If V is semisimple as a (/-module, the result is clear. 
Let S be the socle of V and T := V/S, of dimensions c and d. Since S and T are 
nonisomorphic, it follows that the algebra A generated by Q has a nilpotent radical 
N of dimension equal to dim(S') • dim(T) and A/N ~ Mat c (¥) © Mat d (¥). If the 
algebra B generated by some r-tuple is proper, then either (B + N)/N = A/N or B 
is a complement to iV (since N is a minimal 2-sided ideal of A). In the former case 
the r-tuple does not generate an irreducible group on either S or T and so leaves 
invariant some subspace that is not (/-invariant. In the latter case, B is semisimple 
and so acts completely reducibly and so also has extra invariant subspaces. 

Now we assume that the composition length is at least 3. We claim that T> r (V) 
is the intersection of the varieties T> r (V/S) and T> r (W) where S ranges over simple 
submodules of V and W the maximal submodules of V. Clearly, T> r (V) is contained 
in this finite intersection of open subvarieties and this intersection is a non-empty 
open subvariety. 

So assume that there is an r-tuple in the intersection and let H be the subgroup 
generated by it. Suppose that HW = W but W is not (/-invariant and choose such 
a W of minimal dimension. Then S + W is (/-invariant for any simple (/-module S, 
whence V = S + W (otherwise this is contained in a maximal (/-submodule). Since 
V/S is not simple (because the composition length of V is at least 3), it follows that 
W is not simple for H . Let U be a simple if-submodule of W. By the choice of 
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W, U is (^-invariant and then we pass to V/U and see that W/U is (/-invariant, a 
contradiction. □ 

Let Q be a simple algebraic group. By a subfield subgroup we mean any subgroup G 
with O e (G) = Q F , the (finite) fixed point subgroup for some (twisted or untwisted) 
Frobenius endomorphism F of Q (in particular, this includes the triality groups for 
type D4), and we call it good if Q F is none of the groups 2 B 2 (2), 2 G 2 (3), or 2 F 4 (2). We 
write this subgroup as G(q) where q is the absolute value of the eigenvalues of F on the 
character group of a maximal F-invariant torus. If the characteristic is 0, then there 
are no subfield subgroups. Let X r (Q,N) denote the set of r-tuples (g\, . . . ,g r ) G Q r 
such that the closure of (gi, . . . ,g r ) contains a good subfield subgroup with q > N. 
Let I r {Q) :=I r {Q,l). 

Corollary 11.4. Let F be an algebraically closed field of characteristic £. Let Q be a 
simple simply connected classical group with natural module V of dimension d > 5. 

(i) If I — or I > 71, then f\ W( z S T T (W) = T r {G), whereS is theset of Q -composition 
factors ofV® V* , V m , and L(3w 1 ). 

(ii) If £ > 5, HwGS^riW) = I r (Q), where S is the set of Q-composition factors of 
y®{s-i) g, < 3 < s and s = 5, 6. 

(iii) If £ & {3, 5}, then f\ W( z S Z r {W) = T r {G, 5) where S is the set of Q-composition 
factors ofV® {s -ri (y*)® j , < j < s and s = 5, 6. 

(iv) If £ = 2, HwesZriW) = T r {G, 5), where S is the set of Q-composition factors 
ofV® {s - j) <g> (V*)® j , < j < s and s = 5, 6, plus, if Q = Sp(V), L{w x + w d/2 ). 

Proof. These results follow from Theorem 12.91 observing that the only groups acting 
irreducibly on the modules in S are the subfield subgroups. In the first two cases, all 
modules are restricted and so all subfield subgroups do act irreducibly. 

Consider the third case. Then every module in S is either a Frobenius twist of a 
restricted module or of a tensor product W\ <8> W^^ with W\ and W 2 restricted. Any 
subfield subgroup other than a subfield group over the prime field is irreducible (and 
those are not) on such a module, whence the result. 

Assume £ = 2. By Lemma l9~21 any subgroup of 0(V) is reducible on the Sp(V)- 
module L{w\ + zud/2), so only subfield subgroups may act irreducibly on all W E S. 
In addition to the non- restricted modules mentioned in case (iii), we also need to 
consider the additional possibility of W\ ® W 2 A \ Again all subfield subgroups are 
irreducible with the exception of groups defined over the prime field or the field of 
4 elements. One may formulate another version of (iv) using the indecomposable 
module of dimension In + 1 for Sp 2n (W), see Lemma [11.31 □ 

In what follows we denote by St the basic Steinberg representation of Q, that is, 
L{w) with w = (£ — 1) Yli=x if £ > 0. Abusing the notation, we also denote 
by St the module L{w) with w = 3 Yli=i ii £ = 0. Also, we denote by V a d 
the set of nontrivial ^-composition factors of the adjoint module for Q. Notice that 
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\V a d\ = 1 (in which case we also let V a d denote this unique module), except for the 
cases (G,£) = (F 4 , 2) , (G 2 ,3), in which V a d consists of two nontrivial composition 
factors of same dimension 26, resp. 7. We choose natural module V of Q to have 
dimension 6 for type A 3 ~ D 3 , 5 for type B 2 and 1^2. 

Theorem 11.5. Let F be an algebraically closed field of characteristic i. Let Q be 
a simple simply connected algebraic group over F, and let S := V a d U {St}. Assume 
G is a proper closed subgroup of Q. Then G is irreducible on all X 6 S if and only 
if one of the following holds. 

(i) G is a good subfield subgroup of Q, that is, O (G) = Q F for some Frobenius 
endomorphism F on Q, and G F <£ { 2 B 2 (2), 2 G 2 (3), 2 F A {2)}. 

(ii) Q — Ai, I — 2, G is any closed subgroup not contained in a Borel subgroup. 
(hi) Q = At, I = 3, and G = 2A 5 . 

(iv) G = A 2 , t = 2, and G = 3A 6 . 

(v) G = C 2 = Sp(V), 1 = 2, G = 0(V). 

(vi) G = C 2 , £ = 2, G = Of(q) with q = 2f >4. 

(vii) G = G 2 , t = 2, G = J 2 . 

Proof. 1) First suppose that H is a proper positive dimensional closed subgroup of 
G- Exclude the cases (G,£) = (Ai,2), (C n ,2), (F4, 2) and (G2,3) for a moment. 
Then the unique nontrivial irreducible ^-constituent V a d of the adjoint module has 
codimension at most 2 in the adjoint module. It follows that 7i does not irreducibly on 
this constituent, as the adjoint module of 7i is invariant and has smaller dimension. 
The same is true for Ng(7i); in particular, any Lie imprimitive subgroup of G is 
reducible on V a d- 

Assume (G,£) = (C n ,2) with n > 2. Then the only H with adjoint module of 
dimension at least dim(V^) is isomorphic to D n = Q(V) with G = Sp(V). If n > 3 
then 0(V) is reducible on St by Lemma 19.21 excluding the case of D n . It remains 
to consider H = Q(V) (fixing some quadratic form on V) or Sp 2 (¥) x Sp 2 (¥) (fixing 
some nondegenerate 2-space of V) inside C 2 = Sp{V). Observe that St = V®A'(V). 
In the first case, V\k = A ® B with A, B natural 2-dimensional modules for A\ and 
U ~ A 1 x A x . Hence K 2 (V)\ H = A^ ® 1 © 1 ® B^ 2 \ and so 

(11.1) St\ H = (A ® A^) ®B@A®(B® B®). 

It follows that St is reducible over Ti but irreducible over Ng(H) = 0(V), leading 
to the case (v). In the second case, V\ n = A © B, so A (V)\ H = A®B. Therefore, 
St\n contains irreducibles 1 © B and A^ © B of dimensions 2 and 4, whence St is 
reducible over Ng(TC). 

Next we assume (G,£) = (C 2 ,2) and G is a finite subgroup of G that fixes some 
quadratic form on V and is irreducible on St. Then G < 0{V) = 7i.2 with Ti = Q(V). 
We will identify H with Sp 2 (¥) x S , p 2 (F) and write V\u = ^4 © B as above. Since 
fi(V) is reducible on St, G = H.2 with H := G HH. Let 7Ti, resp. 7r 2 , denote the 
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projection of Ti onto the first, resp. second, simple component of Ti. Any element 
in 0(V) \ Ti permutes these two components, hence 71"! (if) = n 2 (H) = S for some 
finite subgroup S < Sp 2 (¥). Clearly, H < S x S is irreducible on (A <g> v4 (2) ) <g> B, cf. 
(jll.l)) . whence S is irreducible on A® A^ 2 \ It is not difficult to see that this forces 
S = SL 2 (r) for some r = 2 9 > 4. Since S is simple and since if projects onto S 
under both 7i"i, 7T2, one sees that if = S x S or H can be identified with the diagonal 
subgroup {(s, s) | s£ 5*} (after applying a suitable automorphism to the second 5* in 
S x S). Suppose we are in the first case. Recall any t 6 G\H interchanges the two 
copies of 5* in H = S x S and stabilizes the if -module A ® B. It follows that A ~ f? 
as if -modules. Thus if = fi^ (<?) with q = r (see for instance |KLI p. 45]), and one 
can check that G = 0~l{q). Now assume we are in the second case. Since the inner 
tensor product (A^A^) ®B is irreducible over if, the S-module B is not isomorphic 
to A nor to A^ 2 \ On the other hand, any t £ G\H stabilizes the if -module A ® B. 
One readily shows that r = q > 16, and B = A 1 = Thus ff = fij (g) (see for 
instance |KL{ p. 45]), and one can check that G = 0^(q). Conversely, any subgroup 
Of(q) with q > 4 is irreducible on all irreducible ^-restricted modules. We have 
arrived at the possibility (vi). 

2) Here we consider the case (G,i) = (G 2 ,3), (^4,2) and assume G < Ng(TC) is 
irreducible on all X e V ad for some proper positive dimensional closed connected 
subgroup 7f of Q . We already mentioned that the adjoint module Z of Q consists 
of two composition factors X, Y of dimension dim(Z)/2, and V a d = {X, Y}. Now G 
fixes the adjoint module T of TC, which is a proper submodule of the 7f-module Z. 
Since G is irreducible on both X and Y, we conclude that dim(T) = dim(Z)/2. 

Observe that 7f is not a parabolic subgroup of Q. Indeed, Q acts faithfully on X, 
so G and Ng(7i) act faithfully and irreducibly on X. By Clifford's theorem, 7f is 
semisimple and faithful on X. On the other hand, the unipotent radical 7i u of Ti, 
acts trivially on every irreducible F7f- module and so on X, whence 7i u = 1. 

Now assume = (G 2 ,3). We have shown that Ti is a non-parabolic proper 

closed connected subgroup of Q with adjoint module of dimension 7. The maximal 
proper closed connected subgroups of Q are known (see |LiSj ). and so one easily 
deduces that Ti = A 2 , which comes from a maximal rank subgroup. One can check 
that St\A 2 contains a subquotient of dimension 27-6. Meanwhile, dim(S'/f:) = 729, so 
St is reducible over Ng{Ti) — Ti -2. Thus G is reducible on St. 

Next assume {Q,£) = (F 4 ,2). Arguing as above we obtain Ti = f} 4 (with two 
versions for _D 4 : long- root and short-root), f? 4 or C 4 . First consider the case of £> 4 
and let 7Ti, . . . ,774 denote the fundamental weights of f? 4 . Since this is a maximal 
rank subgroup, we can check that St\s 4 — (L{w\ + zu 2 ) <g> L (zu 3 + G7 4 ))|# 4 contains a 
subquotient 



L (77! + 7T 2 + 7T 3 ) g) f (4tTi + 7T 4 ) ~ L(7T 1 + 7T 2 + 7T 3 ) <g> f (7Ti) (4) ® f (?7 4 ) 
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of dimension 2 12 • 2 3 • 2 4 . Since dim(S't) = 2 24 , St is reducible over B4. Also, since the 
long-root subgroup D4 is contained in B4, St is also reducible over the corresponding 
Ng(D^) = _D 4 ■ § 3 . A similar argument applies to the case of C 4 and the short-root 
subgroup _D 4 . Thus G is again reducible on St. 

3) Consider the case Q is an exceptional group. By the virtue of 1) and 2), it remains 
to consider finite Lie primitive subgroups G of Q. If G is not a subfield subgroup, 
then we can use |LiSj to get all possibilities for G and check that \G\ < (dim(S't)) 2 , 
with only one exception (vii). Notice that J 2 is irreducible on all restricted (/-modules 
in the case of (vii). Finally, assume that O (G) = Q F for some Frobenius map F 
on Q. Aside from the two exceptions 2 G*2(3) and 2 -F4(2) (which are reducible on 
St), all other subfield subgroups are indeed irreducible on all irreducible restricted 
(/-modules. 

4) Now we assume that Q is classical with natural module of dimension d > 5. If 
£ > then dim(St) > f^" 2 )/ 4 , and if £ = then dim(St) > 4^~ 2 )/ 4 by our choice 
of St. Assume G is irreducible on all X e S. By 1) we may assume that G is finite. 
Applying the results of £0] to G, we see that either G is a subfield subgroup, or G 
normalizes a p-group of symplectic type, or G normalizes an elementary abelian 2- 
group, or E(G) is simple but not in Lie(£), cf. for instance Theorem l4.4l In the case G 
is a subfield subgroup, it is indeed irreducible on all restricted (/-modules. In all other 
cases, it is straightforward to check that dim(S't) is larger than the largest degree of 
irreducible FG- representations, whence G is reducible on St. Some exceptions do 
arise: A 8 ~ Q+(2) < S0 6 (W) and PSp 4 (3) ~ fig (2) < S0 6 (F) for £ = 2, and 
S r C/ 4 (2) ~ ^5(3) < S0 5 (W) for £ = 3, but they give rise to subfield subgroups. 

5) Finally we consider the case that Q is classical with natural module V of di- 
mension d < 4. Suppose G is proper closed subgroup of Q that is irreducible on all 
X eS. 

The case (G,£) = (Ai,2) leads to the possibility (ii). Assume Q = Ai, £ > 2. 
Using 1) we may assume G is finite, whence G is contained in some SL^q). Take q 
smallest subject to this containment, and assume G 7^ SL2(q). Let M be a maximal 
subgroup of SL 2 (q) containing G. The possibilities for M are listed in |Klej . Since 
M is irreducible on St, it is easy to see that either M = SL 2 (qo) with q = q$ for some 
prime b > 2, or £ = 3 and M = 2A 5 (and q = 9), or M = SL 2 {r).2 with r = q 1 / 2 . 
The first subcase is impossible by the choice of q. In the second subcase, the only 
proper subgroup of M that is irreducible on St is 2A 4 = SL 2 (3), so the choice of 
q implies that G = M = 2A 5 , as listed in (iii). In the third subcase we must have 
G = H.2 with H < SL 2 (r), and H is also irreducible on St since dim(S't) = £ is odd. 
Applying the above argument to H, we can show that O e '(H) = SL 2 (s) for some s\r. 
Now O e '(G) = O e '(H), so G is a (good) subfield sub group, as stated in (i). 

Assume Q = A 2 . Again we may assume by 1) that G is finite, and choose smallest 
q such that G < SL 3 (q). If G = SL 3 (q) then we arrive at (i). Otherwise we can find a 
maximal subgroup M of SL 3 (q) containing G. Using the irreducibility of M on ^4(V^) 
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and St and the list of M given in |Klej . we can show that either M = SL 3 (q Q ) with 
q = q$ for some prime b 7^ 3, or £ = 2 and M = 3A 6 (and q = 4), or M = SX 3 (r).3 
with r = g 1 / 3 , or M = SUs(r) with r = q 1 ! 2 . The first subcase is ruled out by the 
choice of q. In the second subcase, no proper subgroup of M can be irreducible on 
St, so G = M = 3A 6 , as listed in (iv). In the third subcase we must have G = H.3 
with H < SLa(r), and H is also irreducible on A(V) and St. Applying the above 
argument to H, we can again show that O (G) = SL 3 (s) for some s\r, as stated 
in (i). Consider the fourth subcase. We may assume that r is smallest subject to 
the containment G < SU^i^r). Inspecting the list of maximal subgroups of SUs(r) as 
given in |Klej . we can show that O e (G) = SU^(s) for some s\r, as listed in (i). 

Finally, we assume that Q = C2 and i = 2. By the virtue of 1), we may assume 
that G is finite, irreducible and primitive on V, and does not fix any quadratic form 
on V. Again choose smallest q such that G < Sp±(q). Using the list of maximal 
subgroups of Spi(q) as reproduced in |Klej . we can show that either G is as in (i), 
or G < 2 B 2 (q). Now using the list of maximal subgroups of 2 B 2 (q) as reproduced in 
[Kle], we can show that G = 2 B 2 (r) for some r > 8, as stated in (i). 

Conversely, all the cases listed in (i) - (vii) give rise to subgroups irreducible on 
all irreducible restricted ^-modules. □ 

Theorem 111.51 immediately yields: 

Corollary 11.6. Let ¥ be an algebraically closed field of characteristic i, and let 
Q be a simple simply connected algebraic group over F. Assume rank(^) > 2 if 
£ = 2 and rank(£/) > 1 if I = 3. Let S be the set of restricted Q-modules defined in 
Theorem (7131 Then f] W( , s l r (W) =Z r {Q). □ 

Taking r = 2 and Wl = S, we get Corollary 12.131 

We point out the following related result that requires considerably less effort than 
the previous results. 

Theorem 11.7. Let F be an algebraically closed field of characteristic £. Let Q be a 
simple simply connected algebraic group over F. There exists an irreducible rational 
FQ-module W such that no proper closed subgroup other than subfield subgroups 
are irreducible on W . Moreover, if I > 3, then we may take W to be of dimension at 
most (dim(?) 2 . 

Proof. We give the proof in positive characteristic. The proof is a bit easier in char- 
acteristic zero (but different). Alternatively, one could use the positive characteristic 
result to deduce the characteristic zero result. 

We first exclude B n and F4 in characteristic 2 and G 2 in characteristic 3. Let U be 
the nontrivial irreducible constituent of the adjoint module for Q. We have already 
seen that this is not irreducible over any proper closed positive dimensional subgroup. 
By a result of Larsen and Pink LPJ (this also can be derived from the classification of 
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finite simple groups and representation theory for the classical groups; in particular, 
Liebeck and Seitz proved this result for exceptional groups), it follows that every finite 
subgroup of Q is either a subfield subgroup, is contained in a positive dimensional 
proper closed subgroup or has order at most iV (here the bound N depends only upon 
the type of Q and not on the characteristic). Let M = Y\2<a<N {t a)=i i P{ a )^ where 
tp(-) is the Euler function, and let a be the field automorphism sending iGFto x £M . 
Then a is trivial on all roots of unity of order at most N in F. 

Let W = U* <E> U° '. Then aside from subfield subgroups, W is reducible. Indeed, it 
is so if H is reducible on U, in particular it is so if H is a positive dimensional proper 
closed subgroup. Assume H is finite of order at most N and H is irreducible on U . 
The construction of a ensures that the Brauer characters of H on U a and U are the 
same, whence W\h — (U* <8>U)\h and so H has fixed points on W. 

In the excluded cases, we replace U by a module that is reducible over every pos- 
itive dimensional subgroup (there are only finitely many classes of maximal positive 
dimensional reductive subgroups - it is not difficult to choose one for each and take 
a tensor product of Frobenius twists of these to obtain such a module). Now argue 
as above. □ 
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